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ABSTRACT

In degenerate, compensated and viscous n(p) — type Helium —
Fermi Liquid (He — FL) , the Global Einstein -and- Van Cong
relations, as those given in Equations (25, 32), and electrical
thermoelectric laws, enhanced by: our static dielectric constant law
given in Equations (5, 6), our electrical conductivity model in Eq. (19),
and especially our accurate Fermi energy expression in Eq. (17), are
now investigated, by basing on the same physical model and the
mathematical treatment method, as those used in our recent works.!*!
Their numerical results are obtained and given in next Tables in
Appendix 1, suggesting an equivalence between degeneracy-and-
viscosity concept, given in this He — FL. Here, the well-known “local”
Einstein relation, being valid only at the lowest degeneracy and lowest
viscosity, is now globalized by our “Global” Einstein -and- Van Cong
relations, valid at any degeneracy and viscosity, as showed in

Equations.!**2
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INTRODUCTION

In the degenerate, compensated and Viscous
n(p) — type Helium — Fermi Liquid (He — FL), the Global Einstein -and- Van Cong
relations, as those given in Equations (25, 32), and various optical-electrical-thermoelectric
laws, enhanced by : (i) our static dielectric constant law given in Equations (5, 6), (ii) our
electrical conductivity (o)-model obtained in Eq. (19), and especially (iii) our accurate Fermi
energy expression in Eq. (17), with a precision of the order of 2.11 x 10~*, affecting
strongly all the expressions of electrical coefficients, are now investigated by basing on our

physical model and Fermi-Dirac distribution function, as those given in References.[*28]

Then, some important remarks can be summarized as follows.

(1) As observed in our recent work™™, the critical impurity density Ncpn(cpp): defined by the
generalized Mott criterium in the metal-insulator transition (MIT), is just the density of
electrons (holes), localized in the exponential conduction (valence)-band tail (EBT),
NEbn(cop)- being obtained with a precision of the order of 3.5447 x 1077, as that observed
in Tables 1A and 1B in Appendix 1, and also obtained in our recent work.™! Therefore, the
effective electron (hole)-density can be defined as: N* = N — Nepn(epp) = N — N&phccpp)y: N

being the total impurity density, as that observed in the compensated He-FL.

(2) The ratio of the inverse effective screening length Ky, sp) to Fermi wave number Kgpip)

at0K, R (N*), defined in Eq. (13), is valid at any N*.

sn(sp)

Therefore, by basing on this o-expression, the Global Einstein -and- Van Cong relations
defined in Equations (25, 32) and various electrical thermoelectric laws are determined.
Finally, the numerical results of the electrical thermoelectric coefficients are obtained,
discussed and reported in Tables (1-7) in Appendix 1, suggesting an equivalence between

degeneracy-and-viscosity concept, given in this He-FL.

Our Static Dielectric Constant Law and Generalized Mott Criterium in the Metal-

Insulator Transition (MIT)
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First of all, in the n(p)-type degenerate He-FL'™, we denote : the donor (acceptor) d(a)-radius
by r4ca), With the corresponding intrinsic one by: rge(ao)=Tue = 0.31 nm (calculated), the
static dielectric constant by: e, = 1.055F) and the two values of the unperturbed reduced
effective  electron  (hole) mass in  conduction  (valence) bands  by:
me

—® = 3 and 6.2[2], m, (= 9.109558 x 10~28 g) being the free electron mass, according

m
to those given Tables [1A, 3A, 4A, 5A, 6A] and [1B, 3B, 4B, 5B, 6B] in Appendix 1,

respectively.

Therefore, we can define the effective donor (acceptor)-ionization energy in absolute values

as:
13.6x¥
Edoo) =~z — €V, (1)
and then, the isothermal bulk modulus, by :
_ Edo(ao) 2%
B =m0 —(—]. 2
do(ao) (4?11:)X(rdo(ao))3 (cm3) ( )

Effects of impurity size

Here, one shows that the effect of the size of donor (acceptor) d(a)-radius, rqc,), strongly
affects the changes in all the energy-band-structure parameters, which can be represented by

the effective relative static dielectric constant e(rq,)), in the following.

Alrqa) = Tdoao). the needed boundary conditions are found to be given, for the impurity-
3 3
atom volume V= (41/3) X (rqca)) and Vgoaoy = (41/3) X (Tdo(aoy) » BY:
(i) The pressure p, as: po(rdo(ao)) =0, according to the p-pressure variation,
[Ap(racay)]

(ii) The deformation potential energy (or the strain energy) o, as: o, (rdo(ao)) = 0, according

) P(Faa))—Po(Tdoao)) = P(Tac). being equal to 0 at rgcay = Taocac), and

to the ¢ — strain-energy variation, [AG(rd(a))]n(p)E 6 (Tda))00(Tdo(ao)) = 0(ra@),
being equal to 0 at rgca) = 'qo(ao)-
Further, we also shown that, as rq(a) > r'do(ao) (Td(a) < 'do(ao)), the compression (dilatation)

gives rise to: the increase (the decrease) in the effective donor (acceptor)-ionization energy

Ed(a)(rd(a)) in the absolute values, being obtained from the effective Bohr model, and then
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such the compression (dilatation) is represented respectively by: Ed(a)(l‘d(a)) — Edo(ao) =

+ [Ac(rd(a))]n(p)'

Furthermore, for rq) > roao) (Tdca) < I'do(ao)) . the two important equations, used to

determine [Ap(rd(a))]n and [Ac(rd(a))]n(p), are defined by: —=4-282 d°(a°)

d and p= +—

dp _ d ,do Bdo(ao)
giving raise to: v dv(dv)— T

Then, by an integration, one gets:

) = £Bdo(ao) X ln( @ ) > 0, and

T'do(ao)

[Ap(rd(a))]n +Bdo(ao) xIn (

do(ao)

r a 3
[Ac(rd(a))] = Bdo(ao) *(V~ Vdo(ao) ) In ( )= Edo(ao) X ||; d@ ) — 1] x
n(p) Vdo(ao) do(ao)

In(£22.)" > o, ©

T'do(ao)

In Tables 1A-1B in Appendix 1, the numerical results of the pressure variation,

[Ap(rd(a))] and the strain-energy variation, [Ao(rd(a))] , are obtained and computed,

using Equatlon (3), noting that those increase with increasing rq,.

As noted above, one thus obtains for rgc,) = rqe(a0), according to the compression,

2
Ed(a)(rd(a)) - Edo(ao) = Edo(ao) X (8(1:;0)) -1 = [Ao-(rd(a))]n( )

and for rgq(a) < rgo(ao), according to the dilatation,

_ 5 -
Ed(a)(rd(a)) - Edo(ao) = Edo(ao) X (8(1:;0)) -1 = _[Ac(rd(a))]n(p)- (4)

Therefore, from above Equations (3) and (4), one obtains the expressions, for £(rgc,)) and

Eqa) (ra@), as:

€0

(i)—for I'd(a) > I'do(ao) since E(Fd(a)): . . < €gs and
Td@@ \ _ Td(a)
\/1+[<rdo(ao)) 1]Xln(rdo(ao))
T'd(a) 3 T'd(a) 3
Ed(a) (rd(a)) - Edo(ao) = Edo(ao) X [(m) - 1] X In (m) >0, (5)

according to the increase in Eqc)(rqca), and

WWW.Wjert.org 1SO 9001: 2015 Certified Journal 31




Cong et al. World Journal of Engineering Research and Technology

€o

> g,, With a condition,

(in)-for I'd(a) < I'do(ao) s since a(rd(a)): . .
j (e ) s s )
T'do(ao) Tdo(ao)

given by: [( “d@) ) - 1] X In (rd&)3 <1,and

T'do(ao) T'do(ao)

r 3
Ed(a)(rd(a)) - Edo(ao) = _Edo(ao) X [( d(a) 1] X ln fd@ ) <0, (6)

rdo(ao) rdo(ao)

corresponding to the decrease in Eqc)(raca))-

Furthermore, the effective Bohr radius agpgp)(raca)) is defined by:

_ S(rd(a)) Xflz

- €(r4ca))
apn(ep) (Td(a)) = = 0.53 x 108 cm x —d@)_ @

mc(y) X Q2 Me(y)/Mg’

where —q is the electron charge; q > 0.

Generalized Mott Criterium in the MIT

Now, it is interesting to remark that the critical total donor (acceptor)-density in the MIT at
T=0 K, N¢pn(cpp)(Taa))s Was given by the Mott’s criterium, with an empirical parameter,
ast™l:

Mi ()

1
Ncon(epp) (Taca) /3 X pnp) (faca) = Mngp): Mngp) = 0.25, (8)

depending thus on our new £(ryc,))-law.

This result can be explained by using the definition of the reduced effective Wigner-Seitz

(WS) radius rgpsp) M. in the Mott’s criterium, being characteristic of interactions, by:

1 1
3 3 1 3\3

r N=N r T = ( ) X =|—) X4=
Sn(Sp)'M( CDn(CDp)( d(a)) d(a)) 41Ncpn(cpp) (Tac)) agn(sp)(Taca)) (4ﬂ)

2.4814, 9)

for any rq(,)-value. Therefore, one also has :

1
Ncon(epp) (Fdca)) /3 x apn(ep)(Ta@) = 1/4 = 0.25 = M), (10)

Explaining thus the existence of the Mott’s criterium.

Furthermore, by using M) = 0.25, according to the empirical Heisenberg parameter

H oy = 0.47137, as that given in our recent work™, we have showed that Ncpn(cpp) 1S just

the density of electrons (holes) localized in the exponential conduction (valence)-band
EBT

tail Ncbncop) - with a precision of the order of

3.5447 x 1077, as also showed in Tables 1A and 1B in Appendix 1. So,
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Nepnnpp) (Tda)) = NEEE(CDp) (raca))- (11)

Here, it shoud be noted that the values of My,,,) and 3,y could be chosen such that those of

Nepn(eppy @d NEp 1 cpp) are found to be in good agreement with experimental results.

Therefore, the effective density of electrons (holes) given in parabolic conduction (valence)

bands, N*, can be defined, as that given in compensated materials:

N*(N, rd(a)) =N-— NCDn(NDp)(rd(a)) =N — NEE}I‘(CDp) (rd(a)) > 0. (12)

One notes here that, with increasing rqcy) and for a given N, Nepnnpp) (Taca)) InCreases, as
that observed in Tables 1A and 1B in Appendix 1, and therefore, N*(rq(,)) decreases,

according to an increasing compensation.

In summary, as observed in our recent paper™, for an increasing Td(a), €(Taca)) decreases,
while Ncpnvpp) (fay) increases, affecting strongly all the electrical-and-thermoelectric

coefficients, as those observed in following Sections.

Physical modelln the n(p)-type degenerate He-FL, the reduced effective Wigner-Seitz

(WS) radius renspy, Characteristic of interactions, being given in Eqg. (9), in which N is
replaced by N*, is now defined by:

-1
Krn(Fp) <1
aBn(Bp) '

being

1/3
¥ X Ysn(spy(N* Ta@@)) = - ) X -

Fon(sp) (N" Ta(a)) = (H

agnp)(Td@)

1
proportional to N*~/3. Here, y = (4/9m)3, Kgn(rp)(N*) = (3n2N*)3 is the Fermi wave

number.

Then, the ratio of the inverse effective screening length kgpspy t0 kpn(py is defined by:

— ksn(sp) k}_Trll(Fp) -r
Ron(sp) (N*) = ¢ =11 = Rsnwsspws) t [RenTr(spTF) — Rsnws(spwsy|e "sn6p) < 1,
Fn(Fp) sn(sp)

13)

Being valid at any N*.
Here, these ratios, Rsnrr(sprr) and Rgaws(spws), can be determined as follows.
First, for N > N¢pnnpp) (Taca)), according to the Thomas-Fermi (TF)-approximation, the

ratio Renrresprry (N™) is reduced to:
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_ KsnTF(spTF) kErll(Fp) 4YTsn(sp)
RsnTF(spTF)(N*) =k = 1 = < 1, (14)
Fn(Fp) snTF(spTF) n

being proportional to N*~/¢.

Secondly, for N < Nepnnpp) (Tagay), according to the Wigner-Seitz (WS)-approximation,

the ratio Rs,ws(snws) is respectively reduced to:

+\ — Ksn(s d[r2 <y XEcE(N®)
Roncops(N') = S0 — 0.5 x (2, —y oo ee) (15)

Fn drsn(sp)

where Eqcg(N*) is the majority-carrier correlation energy (CE), being determined by:

087553 (2[1-In(2)] B
Ecp(N) —-0.87553 +0.0908+rsn(sp)'( 2 )xln(rsn(sp)) 0.093288
CE = 167378876
0.0908+Tsn(sp) 1+0.03847728xr58737

Furthermore, in the highly degenerate case, the physical conditions are found to be given by:

Ken(Fp) Un(p) 1 Ken(rp) VomxN* 5y —1/2
< = < =R <1, U N*r = X g°k ,
agn(Bp)  EFno(Fpo)  Anp)  Ksn(sp) sn(sp) (@) ( d(a)) £(Td(a)) sn(sp)
(16)
H H . * EFno(Fpo)(N*) * _ thk%n(Fp)(N*)
which gives: A N*r =———= E N*r =
g n(p) ( d(a)) ]Un(p)(N*er(a)) Fno(Fpo) ( d(a)) 2Xm ey

Here, one remarks that: (i) the generalized Thomas-Fermi energy Uy, (N*, r4¢a)) can thus be

VN*
e(raca))’

approximately expressed as: C X C being a constant, and (ii) Uy, ( rgca)) increases

with increasing rq(,) and for a given N, since €(rq(,)) decreases, as given in Ref.l®!

Fermi Energy and Fermi-Dirac Distribution Function

Accurate Fermi Energy Expression

Here, for presentation simplicity, we change the sign of all various parameters, given in the
p-type He-FL, in order to obtain the same one, as that given in the n-type He-FL

(N*,rqea)T) >

, according to the reduced Fermi energy Epncepy . &nepy(N* Tac), T) = EF“(Fp)k =
B

0(< 0), obtained respectively in the degenerate (non-degenerate) case.

For any (N* rqa), T), the reduced Fermi energy &,.)(N*, rqa), T) or the Fermi energy
Egneep)(N¥, Tq), T), obtained in our previous paper[gl, obtained with a precision of the order
of 2.11 x 1074, is found to be given by:

_ EmEp (@ _ GW+AuBF) _ V()
oW =" T T A Cww A

= 0.0005372 and B = 4.82842262, (17)
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where u is the reduced electron density, u(N*,rd(a),T)ENN—*(T), New)(T) =2 x
c(v)

2

3 2 4 3
(mc(V)XkBT)2 (cm™3), F(u) = aus (1 +bu 3 + Cu_g) , a= [3ﬁ/4]2/3 , b= 1(3)2 ’

21h?2 g8 \a

62 3739855 (11)

1920 and G(u) = Ln(u) +2° 2><u><edlu d—23/2[ ]>0

So, in the non-degenerate case (u < 1), one has: Egyppy(u) = kgT X G(u) = kgT X Ln(u)
as u — 0, the limiting non-degenerate condition, and in the very degenerate case (u > 1),

8

2
2 -2 “8\7T3  h2XKEnppy(N*
one gets: Eppeppy(u > 1) = kgT X F(u) = kgT X aus (1 +bu s+ cu 3) ? o Pnep ™)

2XMe(y)XMg

as u — oo, the limiting degenerate condition. In other words, &, = F“(Fp)

IS accurate,

and it also verifies the correct limiting conditions.

In particular, as T— 0K, since u"! -0, Eg. (11) is reduced to: Efnorpoy(N*) =

7® XK (pp) (N)
mec(v)

, being proportional to (N*)2/3. Further, at T=0 K and N* = 0, being physical

conditions, given for the metal-insulator transition (MIT).

In the following, it should be noted that all the optical and electrical-and-thermoelectric

properties strongly depend on such an accurate expression of En(p)(N*, Td(a)s T).[9]

Fermi-Dirac Distribution Function (FDDF)

The Fermi-Dirac distribution function (FDDF) is given by: f(E) = (1 +e¥)™ !, y=(E—
Egneep))/(kgT).

Thus, the average of EP, calculated using the FDDF-method, as developed in our previous

workst™® is found to be given by:

_ p _ (oo af o _ 1 ev
(EP)eor = Gp (Erngrp) X Epyepy = [, EP X (_ o) BB~ = X
Further, it should be noted that, at T=0 K, —— = 8(E — Egno(epo)): 8(E — Erno(rpoy) eINg

the Dirac delta (8)-function. Therefore, Gp(EFno(Fpo)) = 1.
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Then, at low T, by a variable change y = (E — Epn(gp))/(kgT), 0ne has:

eY

. _ o0 p _ B
Gp (Ernep) = 1+ Epnrp) X [ Gremye % (KaTY + Erncep) dy = 1+ Fyy, Cp X

(kgT)B x E;f(Fp) X Ig, where CE =p(p—-1)..p—B+1)/B! and the integral Ig is
given by:

> yBer (> yB ey .
Ig = f_oo(1+ey)z dy = f—oo—(ev/2+e—v/2)2 dy, vanishing for old values of B. Then, for even

values of B = 2n, with n=1, 2, ..., one obtains:

_ 0 yznxey
I2n - J; (1+eY)2 )
Now, using the identity(1 + e¥)™2 = ¥ ,(—1)*'s x e¥~1, a variable change: sy = —t,
the Gamma function: f0°° t?Me~tdt =T (2n+ 1) = (2n)!, and also the definition of the
Riemann’s zeta function: {(2n) = 2" 1w?"|B,,|/(2n)!, B,, being the Bernoulli numbers,
one finally gets: I,, = (22" — 2) x w?" X |B,,|. From the above Eq. of (EP)gppr, We get in

the degenerate case (§,(p) > 1) the following ratio:

— TkgT T _ {EP)rpDF p p(p-1)..(p—2n+1) 2n
G (:"B = <1):—=1+ _ X (220 — 2) X |Byy,| X
p>1 y EFn(Fp) En(p) El’l(Fp) Zn—l (21’1)! ( ) | 21’1|

2n

yo.

which can thus be approximated by:

Gp>1(y < 1) ~1+4+p(p—1) X |B,| xy?, BZZ%- (18)

Then, some usual results of G, (y < 1) are given in the Table 2 in Appendix 1, suggesting

that, with increasing T (or decreasing T) and for given (N, rq), since &, (T) decreases (or

increases), the function G, (T) increases (or decreases).

Electrical Properties

Now, the electrical conductivity o can be defined and expressed in terms of the kinetic energy

hZxk?

of the electron (hole), Ex = PTVE— k being the wave number, as:
™

1

Ex \2 ) ] ] _ ,
Un(p)) (5z==), Which is thus proportional to Ei“,

q?xk k
T mxh k.

X [k X aBn(Bp)] X (

sn(sp)

2
where —— = 7.7480735 x 1075 ohm™" and Uy (N*, rca)) is determined in Eq. (16).
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kgT 2
Ty X B2y o and Gy(y) = (1+y?)5

Then, we obtain: (E?)eppr = Go(y = 5
Fn(Fp)

Go(N*, Tq(a), T) , With yzznﬁ, Enp) = &np)(N* ra), T) for simplicity. Therefore, for

EFno(Fpo) >0and T =0K, GZ(y = 0) =1.

Therefore, if denoting the function H(N*, rqc,), T) by:
H(N*, rq), T) =

an(F )(N*) * £\ E:Fno(F o)(N*)
[Rsn(sz)(N*) X [an(Fp) (N™) x dBn(Bp) (rd(a))] x An(p) (N )= [Un(p)(l\rl)*'rd(a))

GZ(N*,rd(a),T), which can be approximately expressed in terms of: Eﬁno(Fpo)(N*)x

[e(ra) L _ _ :
Go(N*, rge), T) X *———. Thus, with increasing rq(, and for given T and N, the function
(N7

H(rqca)) therefore decreases since (rq)) decreases, as noted in Ref.”!

Therefore, the electrical conductivity o may be determined by:

2 2
o(N*, Ta), T) = 7 ¥ HN', rgqa, T) % ( ) ) () (19)

TXh Efno(Fpo)
noting that, at T=0K, it can thus be approximately expressed in terms of

[e(raca)x)

13
Efno(rpoy(N* Taca), X) X ~——=— , being proportional to: [e(rqe), x) x (N)z , for
(N*)%

EFno(Fpo) >0 and T =0K.

Electrical Properties

Here, if denoting, for majority electrons (holes), the thermal conductivity by:

w
cmXxK

orh, (N, T4, T) in : and the Lorenz number L by:

Wxohm
KZ

L="x (%B)2 = 2.4429637 (

) = 2.4429637 x 1078 (V2 x K~2), then the well-

OTh.
0_ 1

known Wiedemann-Frank law states that the ratio, is proportional to the temperature

T(K), as:

oth.(N".rqea)T)

=LxT. 20
O'(N*,l"d(a),T) ( )

Further, the resistivity is found to be given by: p(N*, rgc), T) = 1/06(N*, rq¢), T), noting
agaln that N* = N — NCDn(NDp) (rd(a),X).
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New Electrical Coefficients

The relaxation time t is related to by™!:

TN ra@), T) = 0o(N*, ra), T) X C(") . Therefore, the mobility p is given by:
2
qX;(N ’rxdl(g)'T) _ 0(N 'r?\;f)'T) (f}i ), (21)
c(v) o gx XS

O'(N*,I‘d(a),T)
N*

u(N*, rqqa), T) =

being expressed in terms of . Further, as noted in above Eq. (19) for
o(N*, rqc), T) and at T=0K, p(N*, rqc), T) can thus be expressed in terms of:

[E(rd(a))

EFno(Fpo) (N rd(a)’X) X 5
N* 4-

Then, from the well-known idea of Stokes, Einstein, Sutherland and Reynolds, we can define

our viscosity coefficient, V(N*, rq(,), T), and its reduced one, RV(N*, r4c,), T), by:

— W(N*,rd(a),T)
cmz) RVIN,ra), T) = V(N*rg(a) T=0K)' (22)

V(N"rqa)T) _ 1 (V
q 61'[><p(N*rd(a)T)xRWS(N*) cm

1/3
where Rys(N¥) = (ﬁ) is the effective Wigner-Seitz radius, decreasing with increasing

N*.

Further, as noted above forp(N*, rgcay, T), V(N*, rqca), T) can thus be expressed in terms of

19 1
(N)1zx [NCDn(NDp) (rd(a)’x)]6

E%n(Fp)(N*,rd(a),T)sz(N*,rd(a),T)

, giving raise to some concluding remarks as follows.

—With decreasing T and for given N and rq(,), and

—with increasing N and for given T and rq(,), corresponding to the high degeneracy
conditions,

V(N) thus increases, suggesting an equivalence between degeneracy-and-viscosity

concept, and being used to explain the numerical results of V, given next Tables.

Then, the activation energy, AE(N*, rg(a), T), can be defined as™":
AE(N", rg(a), T) = kT x Ln (RV(N*, rq(q), T)) < O eV, (23)

according to the reduced activation energy, RAE(N*, rgca), T), given by:

AE(N*rq(a)T) _

RAE(N", Tq(a), T) = a2 = Ln (RV(N', 10, T)) < 0.
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Furthermore, the Hall factor, r(N*, rqc,, T), is defined by:

i1 nkg T

and the Hall

% _ (t®)rDDF G4 (y) _
N ) ) T) = = ) = = ’
r(N" racay, T) {orpprl?  [G2()]? y Enp)(N"rqea)T)  Epnrp)(N*.rqea)T)

mobility is found to be given by:

2
MH(N*, rd(a),T) = M(N*’rd(a):T) X I’(N*,Fd(a),T) (ﬂ) (24)

VXxs

Global Einstein -and- VVan Cong relations

By taking into account Equations (21, 22) and for any N*, rq(,), and T, our global relations

are found to be defined by:

D(N*rge)T) _ D(N*rqc).T) V(N*rgca)T) y

R(N*, r4), T) = X qx N* = D(N*, rgea), T) X

w(N*rge)T) — o(N*rge)T) q
sy — N° dEpn@p) _ kpxT ( dEn(p)(u)) _ [3xL ( din(p)(“)) kg _
6m X Rws(N ) =79 X N o g Xlu du = ) XTX(u du ' g =
3xL
E2N (25)

where D(N*, rd(a),T) is the diffusion coefficient, &, ) (u) is defined in Eq. (17), the mobility
w(N*, rgca), T) is determined in Eq. (21), the conductivity 6(N*, rgca), T) is determined in Eq.
(19), and the viscosity coefficient V(N*, rq(,), T) is defined in Eq. (22). By differentiating this

Epn@Ep)(w) _ G(w)+AuBF(u) — V(u)
kgT 1+AuB W'

function &,y (u) = with respect to u, being defined in Eq.

kgxT

(11), one obtains . Therefore, Eq. (24) can also be rewritten as: R(u) = X

d’En(p) (w)
du
V (W) xW(w)-V(u)xW'(v)

3
W where W'(u) = ABuP™* and V'(u) =u™' +27ze"%(1 — du) +

48
2AuBT1F(u) | (1 + ) 4 2x2u 222w 2 | One remarks that: (i) as u — 0, one has: W? = 1 and

14+bu” 3+cu 3

kgXT

u[V ' xW—-VxW'] =1, and therefore: R(u— 0) = , being a well-known local
(u - 0) relation given by Einstein, and (ii) as u — oo, one has: W? =~ A%2u?B and u[V’ x

W —V x W'] = 2au?/3A?u?B, and therefore, in this highly degenerate case and at T=0K,

our relation (24) is reduced to a correct result: [R(N*, Tg@y % T = OK) = EEFno(Fpo)(N*)/q-

It should be noted that the well-known “local” Einstein relation, being valid only at the
lowest degeneracy (or u — 0), is now globalized by our “Global” Einstein -and- Van Cong

relations (25), valid at any degeneracy (or any u).
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Furthermore, in the present degenerate case (u > 1), Eq. (25) can be rewritten as:

2 EF F )(u) 4 <bu_§+2cu_§>
Revey(N*, ragay, %, T = 0K) = = x =22 = 5 1] + = X »———45|

3 3 <1+bu_§+cu_§>
where a = [3\/ﬁ/4]2/3’ ( ) and ¢ _ 62 3’123;)855 (;) .

Then, in Tables 3A and 3B in Appendix 1, for given rg,, and T=(4.2 K and 300 K), the

numerical results of V, pand D, expressed as functions of N, are obtained by using Equations
(22, 21 and 25).

Further, in Tables 4A and 4B in Appendix 1, for given rgc,y and N, the numerical results of
Fermi energy Epnrp)(r=ok)(e€V) [or reduced Fermi energy &, (N*,rq, T)], and viscosity
coefficient V(N*, rqcay, T), expressed in (%xﬁ) are obtained, as functions of T, by

using Equations (17, 22), respectively.

Thermoelectric Coefficients
Then, from Eq. (19), obtained for o(N*,rgc), T), the well-known Mott definition for the

thermoelectric power or for the Seebeck coefficient, S, is found to be given by:

—m? k al -n? _k dlno
S(N', Faga T) = 5 X 2 5 e T x 209) . VLG
3 q>0 aE E=EF1’1(Fp) 3 q aEn(p)
JZT Y% 2
= —2VL x L 2mon (I ) <0, ZTyon = ——,
1+ ZTMmott \K 3XEI‘1(D)

Then, using Eg. (17), for the degenerate case, &,y =0, one gets, by putting

2

— y
Ysp (N, 140, T) = |1 - —F— ]|,
3XG2<Y_§n(p)>
b1 kg  2Ysp _ 3xL 2X8n(p) J ZTMmott (V
S(N rd(a),T)sz—xE——— ?XT 2\/_ X1+ZT K <
a n(p) <1+n7(p)> Mott
1.[2
0, ZTyot = 3><§2 , (26) according to:
3XEn(p)”
s [3xL % 2 % Q2 L /3>< X 2 X ZTMottX[1= ZTMott]
0%n(p) Le ( 3><§n(p)2>2 L [1+ ZTmote)? .
1+—
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Here, one notes that: (i) as &,y — +0 or &,y — +0, one has a same limiting value of S:

as
aEn(p)

S— —0, (ii) at &) = \/g ~ 1.8138, since = 0, one therefore gets: a minimum

(S)pmin = —VL = —1.563 x 10™* (%) and (iii) at &,y = 1 one obtains: S ~ —1.322 X
10 ()

Further, the figure of merit is found to be defined by:

SZxoxT  §2 4x ZT
S — Mott (27)

K L [1+ ZTmott]?

ZT(N*, rqca), T) =

Here, one notes that: (i) ;?E(LT) =2 x%x a:f X S <0, (i) at &,y = /%2 ~ 1.8138, since
n(p) n(p
géﬂ =0, one gets: @ maximum (ZT)max =1, ZTyore = 1, and (iii) at &,y = 1, one
n(p)

T

2
obtains: ZT =~ 0.715 and ZTyi = 5 = 3.290.

Finally, the first Van-Cong coefficient can be defined by:

* = N xS (VYo N x9S %

VC1(N", rga), T) = —N* % dN* (K) =N 9%n(p) X TN (28)
. 2
being equal to 0 for &,y = |+,
and the second Van-Cong coefficient as:
a
VC2(N*,rqa), T) = T X VC1(N*, rg@), T) = T X N* X azas o ZT\J(E)’ (29)
n(p)

the Thomson coefficient, Ts, by:

. _ s (v as o,
TS(N ,I‘d(a),T) :TXE (E) :TX%X a’I(‘13)1

(30)

being equal to O for &,,) = \/%

and the Peltier coefficient, Pt, as:

Pt(N*, I'd(a) T) =TxS. (31)

Then, in Tables 5A and 5B in Appendix 1, for given rq and N, the numerical results of
Enp) V. AE, orp, S, VC1, VC2Z, Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K),

by using Equations (17, 22, 23, 20, 26, 28, 29, 30, 31, and 27), respectively.
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Further, in Tables 6A and 6B in Appendix 1, for given ryc,) and T=0K, the numerical
results of Fermi energy Egpnp), V, 0, , and D, are obtained, as functions of N, by using

Equations (17, 22, 19, 21, 25), respectively.

Finally, in Table 7 in Appendix 1, for given physical conditions: rgqc), N (or T), the same
values of &, decrease, according to the increasing T (or to the decreasing N), and other
thermoelectric coefficients are in variations, as indicated by the arrows as: (increase: 7,
decrease: \v). One notes here that (i) for §,,) = 1.8138, while the numerical results of S
present a same Minimum Sy, (z —1.563 x 107* E) those of ZT show a same maximum
ZTax = 1, (ii) for &,y = 1, those of S, ZT, ZTyew, VC1, and Ts present the same results:
~1.322 x 107*, 0715, 3.290, 1.105 x 10, and 1.657 x 10~*, respectively, and (iii)
for &y = 1.8138, (ZT) Mo = 1.

Furthermore, it is interesting to remark that the VC2-coefficient, defined in Eq. (29), is related

to our Global Einstein -and- VVan Cong relations (25), by:

kg . _ as D(N*rgca)T) (V2 kg 3xL
— X VC2(N*, ,T)=— =) ===
q ( rd(a) ) OEn(p) u(N*,rd(a),T) ( ) q 1'[2
according, in this work, with the use of our Eq. (26),
to: VC2(N,rge), T) = T X VC1(N,rqca), T) =
_ D(N*rgea)T) ZTpmottX[1= ZTmott] __

u(N*rqca).T) 2 [1+ ZTmott]? V), ZTmors = 3XE )

Therefore, we obtain in this work:

D(N*rg(a)T) _ D(N*rgca)T)
W(N*rae@)T) ~ o(N*rqc).T)

V(N*'rd(a)'T) X 67T X R (N*) — VCZ(N'rd(a)'T) % [1+ ZTMott]2 — N_* dEFn(Fp)
q WS - 2 ZTmotrxX[1- ZTymore]l — dNe

R(N* r4a), T) = X q X (N*/gew)) = D(N*, rqa), T) X

(32)

being new results.

Concluding Remarks
In the n(p) — type degenerate He — FL, the electrical and thermoelectric coefficients,
enhanced by : (i) our static dielectric constant law, £(r4c)), given in Equations (5, 6), (ii) our

accurate reduced Fermi energy, &, ), given in Eq. (17), being accurate with a precision of the

order of 2.11 x 10™*P! affecting all those coefficients, and finally (iii) our electrical
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conductivity model, given in Eg. (19), are now investigated by basing on our physical model

and Fermi-Dirac distribution function, as those given in our recent works.

Finally, the numerical results of those coefficients are given and discussed in Tables 3A, 3B,
4A, 4B, 5A, 5B, 6A, 6B, and 7 in Appendix 1.
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APPENDIX 1
Table 1A: In the n(p) type degenerate He — FL, in which rgo(aey=T=0.031 nm (calculated), m ,,/m, = 3 and

€, = 1. 055, the numerical results of € and N¢pn(cpp) are computed, using Equations (5, 6) and (8), and those of NESE(CDP)
were given in Ref. [1]. It should be noted that the relative deviations in absolute values are defined by: |[RD| = |1 —

NERD .. . . . s .
NCD"—(CDP) , giving rise to their maximal value equal to 1.6859 x 107¢. It means that such the critical d(a)-density
CDn(Cdp)

Ncpnvpp) (Td(a)), determined in Eq. (8), is just the density of electrons (holes) localized in the EBT, NESE(CDp)( Tqa)) [1].
Further, it should be noted that, for an increasing rq(a), both Nepnnpp)(Taca)) and NEBE(CD}))( I4(a)) increase, since, in Eq.

(3), both the pressure variation, [Ap(rd(a))] and the strain-energy variation, [Ao(rd(a))] increase.

n(p)’ n(p)
Donor He P As Sb Sn
rq (NM) 2 0.031 0.110 0.118 0.136 0.140
e(ty) ™ 1.0550 0.08165 0.07143 0.05476 0.05191
Nepn(ra) in 1027 cm™ 2 0.0024132469 5.2058848 7.7758447 17.253749 20.26063
NEBL(r) in10% cm™  ~»  0.0024132463 5.2058778 7.7758491 17.253737 20.26046
[RD| in 1077 2.6525 13.418 57010 6.8440 8.1003
[Bp(rl, (“Z:j") 2 0 11161065 11779746 13030869  1.3286324
[Ao(r)], (103eV) 7 0 6.0833293 7.9601963 135676489  15.1055568
Acceptor He Ga Mg In Cd
r, (nm) 2 0.031 0.126 0.141 0.144 0.148
e(ry) ™ 1.0550 0.0631 0.0512 0.0493 0.0469
Nepp(ra) in 1028 cm™ # 000024132469 1.1262753 21073712 2.3669634 2.7519396
NEBT(r,) in 102 cm™ 7 0.00024132463 11262734 21073685 2.3669612 2.7519360
IRD| in 107 2.6509 16.859 12.816 9.1808 12.950
[Ap(r)], (12:32") 2 0 1.2357827 1.3349047 1.3534582 1.3776038
[Ac(r)], (10%eV) 7 0 1.0200604 15508011 1.6759700 1.8534830

Table 1B: In the n(p) type degenerate He — FL, in which Ige(a0)=Tne=0.031 nm (calculated), m y)/m, = 6.2
and €, = 1.055, the numerical results of € and Ncpycpp) are computed, using Equations (5, 6) and (8), and those of
NEBI(CDp) were given in Ref. [1]. It should be noted that the relative deviations in absolute values are defined by: |RD| =

EBT
’1 _ Nepn(cpp)

. , giving rise to their maximal value equal to 1. 6587 x 107°. It means that such the critical d(a)-density
CDn(Cdp)

Nepn(vpp) (Faay), determined in Eq. (8), is just the density of electrons (holes) localized in the EBT, Ngpycpp) ( Fay) [1]-
Further, it should be noted that, for an increasing rq(a), both Nepnvpp) (Taca)) and NESE(CDp)( Iq(a)) increase, since, in Eq.

(3), both the pressure variation, [Ap(rd(a))]n(p), and the strain-energy variation, [Ao(rd(a))] increase.

n(p)
Donor He P As Sh Sn
rg (NM) 2 0.031 0.110 0.118 0.136 0.140
e(ry) N 1.0550 0.08165 0.07143 0.05476 0.05191
Nepn(rq) in 1028 cm™3 2 0.0021301641 45952152 6.8637093 15.22982 17.883983
Nggﬁ(rd) in102 cm=3 ~ 0.0021301635 4.5952091 6.8637132 15.22981 17.883998
|IRD| in 1077 2.6506 13.377 5.7158 6.7127 8.1206
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[Ap(r)]n (“;:;’") 0 2.3066202 2.4344808 2.6930463 2.7458403
[Ao(r)], (10%eV) 2 0 1.2572214 1.6451072 2.8039808 3.1218151
Acceptor He Ga Mg In Cd
r, (nm) 7 0.031 0.126 0.141 0.144 0.148
e(r,) ™ 1.0550 0.0631 0.0512 0.0493 0.0469
Nepp(ra) in 102 cm™ 7 0.0021301641 9.9415899 18.601688 20.893098 24.291269
NEBT(r,) in 102 cm™ ~ 0.0021301635 9.9415734 18.601664 20.893079 24.291237
[RD] in 107 2.6490 16.587 12.964 9.1057 12.968
[Ap(r)], (“Z::") 2 0 2.5539509 2.7588031 2.7971470 2.8470478
[Aa(r)], (10%eV) 2 0 2.1081248 3.2049889 3.4636714 3.8305315

kT _ ™

Table 2: Expressions for G5, (y = ), due to the Fermi-Dirac distribution function, are used to

Efn(rp)  En(p)
determine the electrical-and-thermoelectric coefficients, suggesting that, with decreasing T and for given

(high N, rg), the function Gps1(y) decreases as: Gps1(y > 0) = 1.

G3/2 o)

()

G, (y)

()

Gs/z )

%)

G3(y) G7/2 o)

(1+35)

G4(y) G9/2 )

(1+%)

(1+y?) (1+2y?)

Table 3A: In the n(p) type degenerate He — FL, in which Irye(a) = I'e =0.031 nm (calculated) ,

m,/m, = 3 and g, = 1.055, for a given rgc), and T=(4.2 K and 300 K), the numerical results of

101%xeV s

1072xcm? 10%xcm?
2 )
cm cm

; . ), as functions of N, are obtained by

V,nand D, expressed respectively in (

VXxs

using Equations (22, 21 and 25), noting that, in this very degenerate case, for same physical conductions, all the

corresponding physical results are found to almost be the same.

Donor He As Sb Sn

rq (nm) 2 0.031 0.118 0.136 0.140

At T=4.2 K,

N (1028 cm™3)

8.0 (1172 3.143;4.727)  (109.7; 0.032;0.045) (146.1; 0.023:0.030)  (152.6; 0.022 ; 0.027)

8.2 (1183 ; 3.139;4.800)  (111.3; 0.032;0.046) (148.7; 0.023:0.030)  (155.4; 0.022 ; 0.027)

8.4 (1.194 ; 3.135;4.872) (112.9; 0.032;0.046) (151.2; 0.023;0.030) (158.2; 0.021 ; 0.028)

8.6 (1.205; 3.132;4.943) (114.4; 0.032;0.047) (153.7; 0.023;0.031) (161.0; 0.021 ; 0.028)

At T=300 K,

N (1028 cm™3)

8.0 (1.172; 3.143;4.727) (109.7; 0.032;0.045) (146.1; 0.023;0.030) (152.6; 0.022 ; 0.027)

82 (1183 ; 3.139;4.800)  (111.3; 0.032;0.046) (148.7; 0.023:0.030)  (155.4; 0.022 ; 0.027)

8.4 (1.194; 3.135;4.872) (112.9; 0.032;0.046) (151.2; 0.023;0.030) (158.2; 0.021 ;0.028)

8.6 (1.205; 3.132;4.943) (114.4; 0.032;0.047) (153.7; 0.023;0.031) (161.0; 0.021 ; 0.028)
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Acceptor He Mg In Cd
r, (nm) 2 0.031 0.141 0.144 0.148
At T=4.2 K,

N (10%8 cm™3)

8.0 (1.172; 3.143;4.727)  (154.0; 0.022;0.026) (158.0; 0.021 ; 0.025) (162.0; 0.019 ; 0.022)
8.2 (1.183; 3.139;4.800)  (157.0; 0.021;0.027) (161.1; 0.020 ; 0.025) (165.5; 0.019;0.023)
8.4 (1.194; 3.135;4.872)  (159.8; 0.021;0.027) (164.2; 0.020 ; 0.025) (168.9; 0.019 ; 0.023)
8.6 (1.205; 3.132;4.943)  (162.7; 0.021;0.028) (167.3; 0.020 ; 0.026) (172.3; 0.019 ; 0.023)
At T=300 K,

N (10%8 cm™3)

8.0 (1.172; 3.143;4.727)  (154.0; 0.022;0.026) (158.0; 0.021 ;0.025) (162.0; 0.019 ; 0.022)
8.2 (1.183; 3.139;4.800)  (157.0; 0.021;0.027) (161.1; 0.020;0.025) (165.5; 0.019 ; 0.023)
8.4 (1.194; 3.135;4.872)  (159.8; 0.021;0.027) (164.2; 0.020 ; 0.025) (168.9; 0.019 ;0.023)
8.6 (1.205; 3.132;4.943)  (162.7; 0.021;0.028) (167.3; 0.020; 0.026) (172.3; 0.019 ; 0.023)

Table 3B: In the n(p) type degenerate He — FL, in which Ig(a0) = Iye =0.031 nm (calculated) ,

m.),/m, = 6.2 and €, = 1.055, for a given rqe,), and T=(4.2 K and 300 K), the numerical results of

V,pand D , expressed respectively in
11 \V4 -3 2 2 2 . . . . .
(10 CI:e C% ; 10 V:;m ; 10 >;cm ), as functions of N, are obtained by using Equations (22, 21 and 25), noting

that, in this very degenerate case, for same physical conductions, all the corresponding physical results are found

to almost be the same.

Donor He As Sb Sn
rq (nm) 2 0.031 0.118 0.136 0.140
At T=4.2 K,

N (102° cm™3)

8.0 (1.085; 7.313;2.470)  (104.1; 0.074:0.023) (140.7; 0.052;0.015)  (147.6; 0.049;0.014)
8.2 (1.095; 7.304;2.508)  (105.6; 0.074:0.024) (143.1; 0.052;0.016)  (150.3; 0.049;0.014)
8.4 (1.106 ; 7.296;2.546)  (107.1; 0.073:0.024) (145.5; 0.052;0.015)  (152.9; 0.049:0.014)
8.6 (1.116; 7.287;2.583)  (108.5; 0.073:0.024) (147.8; 0.051;0.016)  (155.4; 0.048;0.015)
At T=300 K,

N (10%° cm™3)

8.0 (1.085; 7.313;2.470) (104.1; 0.074;0.023) (140.7; 0.052;0.015) (147.6; 0.049;0.014)
8.2 (1.095; 7.304;2.508)  (105.6; 0.074;0.024) (143.1; 0.052;0.016)  (150.3; 0.049;0.014)
8.4 (1.106 ; 7.296 ;2.546) (107.1; 0.073;0.024) (145.5; 0.052;0.015) (152.9; 0.049;0.014)
8.6 (1.116; 7.287;2.583) (108.5; 0.073;0.024) (147.8; 0.051;0.016) (155.4; 0.048;0.015)
Acceptor He Mg In Cd
ry (nm) 7 0.031 0.141 0.144 0.148
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At T=4.2 K,

N (102° cm™3)

7.313;2.470)  (149.2;
7.304;2.508)  (151.9;
7.296;2.546)  (154.6;
7.287;2.583)  (157.2;

0.049;0.014)  (153.7;
0.048;0.014)  (156.6;
0.048;0.014) (159.5;
0.048;0.014)  (162.3;

0.047;0.013)  (158.8;
0.046;0.013)  (162.0;
0.046;0.013)  (165.1;
0.046;0.013)  (168.2;

0.044;0.012)
0.044;0.012)
0.044 ;0.012)
0.043;0.012)

8.0 (1.085 ;
8.2 (1.095;
8.4 (1.106 ;
8.6 (1.116;
At T=300 K,

N (102%° cm™3)

8.0 (1.085 ;
8.2 (1.095;
8.4 (1.106 ;
8.6 (1.116;

7313;2470)  (149.2;
7.304;2.508)  (151.9;
7.296;2.546)  (154.6;
7.287;2.583)  (157.2;

0.049;0.014) (153.7;
0.048;0.014)  (156.6;
0.048;0.014) (159.5;
0.048;0.014) (162.3;

0.047;0.013) (158.8;
0.046 ; 0.013) (162.0;
0.046 ; 0.013) (165.1;
0.046 ;0.013) (168.2 ;

0.044 ;0.012)
0.044;0.012)
0.044 ;0.012)
0.043 ;0.012)

Table 4A: In the n(p) type degenerate He — FL, in which rgo(a0) = Iye =0.031 nm (calculated) ,

m.)/m, = 3 and &, = 1.055, for given ry,) and N, the numerical results of Fermi energy Egqp)(r=ox)(eV)

[or reduced Fermi energy &,p)(N* rqay, T) 1, and viscosity coefficient W(N*,rd(a),T),expressed in (%x

#), are obtained, as functions of T, by using Equations (17, 22), respectively. In particular, from these

numerical results of V(T), one observes that, for such given (rq(,) and N), they increase with decreasing T, in

good agreement with those, obtained in liquids by Ewell and Eyring [17] and complex fluids by Wenhao [18],

and from those of V(ry), one observes that, for given (T and N), they increase with increasing rq.

Donor As Sb Sn
rq (nm) [4] 7 0.118 0.136 0.140
For N=8 x 10%8 cm3,

Ncpn(Tq) in 1027 cm™3 ~ 7.7758447 17.253749 20.260630
En (=0t (10*eV) 2.25673113 2.25673112 2.256731131

Vioky 7
En(T=42K)
Va.2x) 7
En(r=771)
V@7 7
En(T=100K)

V (100k) 7
En(T=150K)

V 1501 7
€n(T=200K)

V (200K 7

€n(T=250K)

1.0973140 x 1012
5.8230658 x 107
1.0973140 x 102
3.1762177 x 10°
1.0973140 x 102
24456876 x 10°
1.0973140 x 1012
1.6304584 x 10°
1.0973140 x 1012
1.2228438 x 10°
1.0973140 x 102
9.7827506 x 10°

1.4614556x 1012

5.301782 x 107

14614556 X 1012
2.8918814 x 10°
14614556 X 1012
2.2267486 x 10°
14614556 x 1012
1.4844991 x 10°
14614556 X 1012
1.1133743 x 10°
14614556 X 1012
8.9069946 x 10>

1.5260045 x 1012

5.1310212 x 107
1.5260045 x 1012
2.7987388 x 10°
1.5260045 x 1012
2.1550289 x 10°
1.5260045 x 1012
14366859 x 10°
1.5260045 x 1012
1.0775145 x 10°
1.5260045 x 1012
8.6201156 x 10°
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V (250K 2 1.0973140 x 1012 14614556 x 1012 1.5260045 x 102
En(T=300K) \ 8.1522921 x 105 7.4224955 x 105 7.1834297 x 105
V (300K) 7 1.0973140 x 1012 1.4614556 X 1012 1.5260045 x 1012
Acceptor Mg In Cd
r, (nm) 0.141 0.144 0.148
For N=8 x 10%8 cm 3,
Nepp(Ta) in 1028 cm=3 7 2.1073712 2.3669634 2.7519396
4
Erp(r=ox)(10%eV) N 1.8405992 1.7861375 1.7038017

Yok 7 1.5405697 x 1012 1.5798150 x 1012 1.6198815 x 1012
Ep(reazky N 5.0843578 x 107 4.9339162 x 107 47064769 x 107
V (425 7 1.5405697 x 10'2 1.5798150 x 102 1.6198815 x 1012
Epr=r7) N 2.7732861 x 10° 2.6912270 x 106 2.5671692 x 10°
V (77x) 7 1.5405697 x 102 1.5798150 x 10'2 1.6198815 x 1012
€ (T=100K) \ 2.1354303 x 10° 2.0722448 x 106 1.9767203 x 10°
V (100K) 7 1.5405697 x 102 1.5798150 x 10'2 1.6198815 x 10'2
Ep(T=150K) \ 1.4236202 x 10° 1.3814965 x 10° 1.3178135 x 10°
V (150K) 7 1.5405697 x 1012 1.5798150 x 10'2 1.6198815 x 1012
Ep(T=200K) \ 1.0677151 x 10° 1.0361224 x 10° 9.8836015 x 106
V 200K) 7 1.5405697 x 102 1.5798150 x 10'2 1.6198815 x 1012
Ep(T=250K) N 8.5417211 x 10° 8.2889792 x 10° 7.9068812 x 10°
V (250K 7 1.5405697 x 1012 1.5798150 x 102 1.6198815 x 10'2
Ep(T=300K) N 7.1181009 x 10° 6.9074826 x 10° 6.5890677 x 10°
V (300K 7 1.5405697 x 1012 1.5798150 x 102 1.6198815 x 1012

Table 4B: In the n(p) type degenerate He — FL, in which Igeae) = Ine =0.031 nm (calculated) ,
m.,)/m, = 6.2 and g, =1.055, for given rqy and N, the numerical results of Fermi energy

reduced Fermi viscosity  coefficient

Epnep)(t=ox)(€V)  [or energy  &npy(N",rq),T) 1, and
V(N*, Td(a) T), expressed in (:—:1 X C:l—z), are obtained, as functions of T, by using Equations (17, 22),
respectively. In particular, from these numerical results of V(T), one observes that, for such given (rg(,) and N),
they increase with decreasing T, in good agreement with those, obtained in liquids by Ewell and Eyring [17] and
complex fluids by Wenhao [18], and from those of V(ry), one observes that, for given (T and N), they increase

with increasing rq.

Donor As Sb Sn
rqg (nm) [4] 7 0.118 0.136 0.140

For N=8 x 10%° cm 3,

Nepn(ra) in 1028 cm™3 7 6.8637093 15.22982 17.883983
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Epncr=oy(eV) N

5.06846043 x 104

1.0413638 x 1013

5.06846042 x 10*
1.4072160 x 1013

5.06846041 x 104
1.4764750 x 1013

Vo 7

En(rtzk) N 1.3188080 x 108 1.2162131 x 105 1.1827565 x 105
V (425 7 1.0413638 x 1013 14072160 x 1013 14764750 x 1013
En(r=77) ¥ 7.1934981 x 10° 6.6338898 x 10° 6.4513992 x 10°
V (771 7 1.0413638 x 10%3 1.4072160 x 103 1.4764750 x 103
&n(T=100K) N 5.5389936 x 10° 5.1080951 x 10° 4.9675774 % 108
V (1008 7 1.0413638 x 10%3 1.4072160 x 10%3 1.4764750 x 103
En(T=150K) N 3.6926624 x 106 3.4053967 x 106 3.3117182 x 106
V (150K) 7 1.0413638 x 1013 14072160 x 1013 14764750 x 1013
En(T=200K) N 2.7694968 x 10° 2.5540476 x 106 2.4837887 x 106
V (200k) 7 1.0413638 x 1013 14072160 x 1013 14764750 x 1013
En(T=250K) N 2.2155974 x 10° 2.0432380 x 10° 1.9870309 x 10°

V (2506 2 1.0413638 x 1013 1.4072160 x 1013 1.4764750 x 1013
&n(T=300K) N 1.8463312 x 10° 1.7026984 x 10° 1.6558591 x 10°

V 3006 2 1.0413638 x 1013 1.4072160 x 1013 1.4764750 x 1013
Acceptor Mg In Cd

ry (nm) 2 0.141 0.144 0.148

For N=8 x 10% cm 3,

1.8601688 2.0893098 2.4291269

Ncpp(12) in 1029 cm™3 7
Eppr=oxy(eV) N
Vo 7
Ep(T=a2K) N
V(421 7
Ep(T=77K)
V7 7
€p(T=100K)

V (100x) %
Ep(T=150K)

V 1501 7
Ep(T=200K)

V 200x) 7
Ep(T=250K)

V (2501 7
€p(T=300K)

V 3ook) 7

4.2486767 x 10*

1.4925778 x 1013

1.1736283 x 108
14925778 x 1013
6.4016089 x 10°
1.4925778 x 1013
4.9292388 x 10°
1.4925778 x 1013
3.2861592 x 10°
1.4925778 x 1013
2.4646194 x 10°
1.4925778 x 1013
1.9716955 x 10°
14925778 x 1013
1.6430796 x 10°
14925778 x 1013

4.1422998 x 10*
1.5374327 x 1013

1.1442434 x 108
1.5374327 x 1013
6.2413276 x 10°
1.5374327 x 1013
4.8058223 x 10°

1.5374327 x 1013

3.2038815 x 10°
1.5374327 x 10*3
2.4029111 x 10°
1.5374327 x 10*3
1.9223289 x 10°

1.5374327 x 1013
1.6019408 x 10°

1.5374327 x 1013

3.9819723 x 10*
1.5876795 x 1013
1.0999555 x 108
1.5876795 x 10'3
5.9997574 x 10°
1.5876795 x 1013
4.56198132 x 10°
1.5876795 x 103
3.0798755 x 106
1.5876795 x 1013
2.3099066 x 10°
1.5876795 x 1013
1.8479253 x 10°
1.5876795 x 103
1.5399377 x 108
1.5876795 x 103
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Table SA: In the n(p) type degenerate He — FL, in which Iryoae) = Iye =0.031 nm (calculated) ,

m.,/m, = 3 and €, = 1.055, for given ry(, and N, the numerical results of &,,), V, AE, omy,, S, VC1, VC2,

Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K), by using Equations (17, 22, 23, 20, 26, 28, 29, 30,

31, and 27), respectively. In particular, from the numerical results of V(T), one observes that, for such given

(rq(a) and N), they increase with decreasing T, in good agreement with those, obtained in liquids by Ewell and

Eyring [17] and complex fluids by Wenhao [18], suggesting an equivalence between degeneracy-and-

viscosity concept, and from those of V(rqc,)), one observes that, for given (T and N), they increase with

increasing rqa)-

Donor As Sb Sn

rq (nm) [4] 7 0.118 0.136 0.140

For N=8 x 10%8 cm 3,

Ncpn(Ta) in 1027 cm™3 2 7.7758447 17.253749 20.260630

En(reazio X 1077 N 5.8230658 5.3017825 5.1310212

En(r=300K) X 1075 \ 8.1522921 7.4224955 7.1834297

V 4210 (% X ﬁ) x10712 7~ 1.0973140 1.4614556 1.5260045

Vizook) (% x #) x 10712 2 1.0973140 1.4614556 1.5260045

~AE 425 (€V) x 10'® 7 2.5314710 2.6118352 2.7323814

—AE 300k, (V) x 10" 7 2.2402944 2.7022161 2.8850159

OTh. (a2K) (Cm% YX10 N 3.8534919 2.3985024 2.1514626
Omh. 300K (o) X 01 N 2.7524942 17132160 1.5367590

~S(azK) (E ) x 10" 7 9.7370198 10.694386 11.050297

-S 300K (g )x 10*° 7 6.9550142 7.6388470 7.8930691
~VC1(10 (E ) x 10 7 6.4913465 7.1295905 7.3668645

—VC1 300K, (g) x 1010 4.6366761 5.0925647 5.2620461
~VC2 (421 (% yx10" A 27263655 2.9944280 3.0940831
—VC2300k) (g) x107 ~ 1.3910028 1.5277694 1.5786138

TSk (g ) x 1012 2 9.7370198 10.694386 11.050297
—Tsgo0k) (g) x100  ~ 6.9550142 7.6388470 7.8930691
—Pt(s20(V) x 101 2 4.0895483 4.4916420 4.6411247
—Pt300k)(V ) x 107 2 2.0865042 2.2916541 23679207
ZTuaky X 101 2 3.8809235 4.6816039 4.9983983
ZT 300K X 10 2 1.9800630 2.3885734 2.5502032
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Acceptor Mg In Cd
r, (nm) 2 0.141 0.144 0.148
For N=8 x 10?8 cm3,
Ncpp(ra) in 1028 cm™3 7 2.1073712 2.3669634 2.7519396
En(Toaziy X 1077 N 5.0843578 4.9339162 4.7064769
En(T=300K) X 1075 \ 7.1181009 6.9074826 6.5890677
Vi (S x=5)x 1072 2 15405697 1.5798150 1.6198815
Vi (S x =) x 10712 7 15405697 1.5798150 1.6198815
—AE 425 (€V) x 10'® 7 2.6921993 2.8127456 2.7323814
—AE 300K (6V) x 10" 2 2.9380276 3.1201385 3.4288230
Orh. a2k (Cm% Yx10 N 2.0925355 1.9215836 1.7052599
Orh. (300K) (Cm% )x01 N 1.4946682 1.3725597 1.2180428
~Sazi0) (% ) x 10? 7 11.151715 11.491745 12.047081
—S 300K) (E ) x 1010 2 7.9655104 8.2083894 8.6050576
—VC1 (g )x 10" 7 7.4344764 7.6611634 8.0313871
—VC1 o0k, (E) x101° 2 53103403 5.472259 5.7367051
~VC2 (425 (E )x 10" 7 3.1224801 3.2176886 3.3731826
—VC2300K) (%) x107 ~ 15931021 1.6416779 1.7210115
~Ts 425 (g )x 102 7 11.151715 11.491745 12.047081
~Ts@300K) (g) x 1010 2 7.9655104 8.2083894 8.6050576
—Pty0(V) x 1011 2 4.6837201 4.8265330 5.0597739
—Pt 300K (V) x 107 2 2.3896531 2.4625168 2.5815173
ZTuaky X 10" 2 5.0905683 5.4057375 5.9408230
ZTz00k) X 10 7 25972287 2.7580293 3.0310322
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Table 5B: In the n(p) type degenerate He — FL, in which Ige(a0) = Ine =0.031 nm (calculated) ,
m.,/m, = 6.2 and g, = 1.055, for given rgq and N, the numerical results of &,,), V, AE, omy,, S, VC1, VC2,
Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K), by using Equations (17, 22, 23, 20, 26, 28, 29, 30,
31, and 27), respectively. In particular, from the numerical results of V(T), one observes that, for such given
(rqca) and N), they increase with decreasing T, in good agreement with those, obtained in liquids by Ewell and
Eyring [17] and complex fluids by Wenhao [18], suggesting an equivalence between degeneracy-and-

viscosity concept, and from those of V(rqe,)), one observes that, for given (T and N), they increase with

increasing rqa)-

Donor As Sb Sn
rq (nm) [4] 7 0.118 0.136 0.140
For N=8 x 10% cm3,
Ncpn(Tg) in 1028 cm=3 2 6.8637093 15.22982 17.883983
Encroazio X 1078 N 1.318808 1.2162131 1.1827565
Encr=300K) X 1076 \ 1.8463312 1.7026984 1.6558591
V 4210 (% X ﬁ) x10"13 2 1.0413638 1.4072160 1.4764750
Voo (% X ﬁ) x10"13 2 1.0413638 1.4072160 1.4764750
—AE(4 1) (V) x 10" 2 17680115 2.0492861 2.0492861
—AE 300K, (€V) x 10 7 43778376 5.1478984 5.4418016
Ot i (o)X 10N 8.8957696 5.5986260 5.0464672
Om. @00k (oo X 0.1 N 63541211 3.9990186 3.6046194
~S(a2K) (E ) x 102 7 42992845 4.6619549 47938275
-S 300K (g )x 10*° 7 3.0709175 3.3299678 3.4241625
—VC1p (% )x 102 2 2.8661897 3.1079699 3.1958850
—VC1 300K, (g) x 101  » 20472783 2.2199785 2.2827750
—VC2 (42 (% yx 10"~ 1.2037997 1.3053474 1.3422717
—VC2300k) (g) x10% ~ 6.1418350 6.6599356 6.8483250
TSk (g ) x 1012 2 42992845 4.6619549 4.7938275
—Tsgo0k) (g) x10° 2~ 3.0709175 3.3299678 3.4241625
—Pt(s20(V) x 101 2 1.8056995 1.9580211 2.0134076
—Pt 3001 (V ) x 10° 2 92127525 9.9899033 10.272487
LTz X 10 7 7.5661569 8.8964985 9.4069272
ZT(300k) X 10" 2 3.8602841 4.5390299 4.7994527
Acceptor Mg In Cd
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r, (nm) 2 0.141 0.144 0.148
For N=8 x 10%° cm 3,
Nepp(ra) in 1022 cm™3 7 1.8601688 2.0893098 2.4291269
Epresziy X 1078 N 1.1736283 1.1442434 1.0999555
Ep(r=300K) X 1076 N 1.6430796 1.6019408 1.5399377
Vi (S x=5)x 1073 2 14925778 1.5374327 1.5876795
V(300K) (% X ﬁ) x10713 2 1.4925778 1.5374327 1.5876795
—AE 425 (€V) x 10'® 7 1.6876473 2.0091040 N 1.7680115
—AE 300k, (eV) x 10 7 5.5261840 5.8126248 6.2890695
Orh. a2k (Cm% Yx10 N 4.9152657 4.5359010 4.0589178
Om. 300K (oo )X 0.1 N 3.5109041 32399293 2.8992270
—S(azx0 (E ) x 10*2 2 48311128 4.9551789 5.1546909
v 10
S @00k () x 10 2 3.4507949 3.5394135 3.6819221
—VClyax (E ) x 10" 2 32207419 3.3034526 3.4364606
V1 ook, (5) x 10 2 23005299 2.3596090 24546147
—VC2 (4210 (g )x 10! 7 13527116 13874501 1.4433134
—VC2 300k, (g) x108  ~ 6.9015898 7.0788270 7.3638441
~TS (a2 (E ) x 102 2 48311128 49551789 5.1546909
~Ts 00k (g) x1010 2 34507949 3.5394135 3.6819221
—Pt(s20(V) x 101 2 20290674 2.0811751 2.1649702
—Pt300k)(V ) x 107 2 1.0352385 1.0618240 1.1045766
ZTuaky * 10'° 7 9.5538263 10.050824 10.876477
ZTa00k) X 10 2 4.8744012 5.1279713 5.5492227
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Table 6A: In the n(p) type degenerate He — FL, in which rgo(a0) = Iye =0.031 nm (calculated) ,

mg,,/m, =3 and g =1.055, for given rq,) and T=0K, the numerical results of Fermi energy

108 10~2xcm? 10%2xcm?

Qxcm)’ u( VXs

Efncep) (10* X eV), V(10" x % X Cm%), o( ), and D( ), are obtained, as functions of

S

N, by using Equations (17, 22, 19, 21, 25), respectively. It should be noted here that (i) they are cancelled at
the MIT-conditions, (T=0K, N=N¢p,cppy 0r N* = 0), and (ii) those values of Eg,p) = 0,V 20,020,
u=0,and D = 0, obtained for N 2 Nc¢pn(cpp) » thus define the properties of this degenerate (or viscous)
He-FL, given in the Mott MIT. In particular, from these numerical results of V, one observes that, for such
given (rgc,) and T=0K), they increase with increasing N (or increasing Ep,y) ), in good agreement with
those, obtained in complex fluids by Wenhao [18], suggesting an equivalence between degeneracy-and-

viscosity concept.

N = Nepn = Ncpn 8.2 8.4 8.6

Here, N is expressed in 10%% cm 3

For rq = rye and N¢p,=2.4132469 x 1024 cm 3,

Epp 2 =0 2.2941 2.3313 2.3681
v o =0 1.1836 1.1946 1.2054
c 7 =0 4.1239 42194 4.3149
TN =0 3.1390 3.1353 3.1316

2 =0 4.7998 4.8717 4.9430

Efn » =0 2.1467 2.1851 2.2232
v o = 111.33 112.90 114.46
c 7 = 0.0384 0.0392 0.0400
TR = 0.0323 0.0321 0.0319

2 =0 0.0462 0.0468 0.0473

Ern 7 =0 1.9599 2.0000 2.0398
v 2 =0 148.72 151.26 153.76
c 7 =0 0.0239 0.0245 0.0251
VRN =0 0.0231 0.0229 0.0228

7 =0 0.0302 0.0306 0.0310

For ry = rg, and N¢p,=20.26063 X 10?7 cm~3,
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Epn 2 =0 1.8987 1.9395 1.9799
A =0 155.45 158.25 161.02
c 7 =0 0.0215 0.0220 0.0226
THERN =0 0.0217 0.0216 0.0214

2 =0 0.0275 0.0279 0.0283
N 2 Nepp = Nepp 5.2 5.4 5.6
Here, N is expressed in 1028 cm™3
For r, = ry, and N¢p,=2.4132469 x 10** cm™3,
Epp 2 =0 1.6933 1.7365 1.7791
A =0 0.9938 1.0083 1.0225
c 7 =0 2.6759 27734 2.8708
TREN =0 32119 3.2057 3.1997
2 =0 3.6251 3.7102 3.7942
For r, = ryg and N¢p,=2.1073712 x 10?8 cm 3,
Epp 2 =0 1.1976 1.2487 1.2987
v 7~ = 106.85 110.74 114.52
c 7 = 0.0124 0.0130 0.0136
TR =0 0.0251 0.0247 0.0244
2 =0 0.0200 0.0206 0.0211
For r, = 1y, and N¢p,=2.3669634 x 10?8 cm™3
Egp 2 =0 1.1296 1.1821 1.2335
v 2 = 106.85 111.09 115.20
c 7 = 0.0111 0.0117 0.0122
TREN =0 0.0244 0.0240 0.0236
D ~ =0 0.0184 0.0189 0.0194
For r, = r¢q and N¢p,=2.7519396 x 1028 cm 3,
Erp 7 =0 1.0248 1.0799 1.1336
v 7 =0 104.94 109.72 114.36
o 7 =0 0.0093 0.0098 0.0104
TREN =0 0.0237 0.0232 0.0228
D ~ =0 0.0162 0.0167 0.0172
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Table 6B: In the n(p) type degenerate He — FL, in which T4e(ae) = I'ie =0.031 nm (calculated) ,

mg,/m, = 6.2 and g, = 1.055, for given rq,) and T=0K, the numerical results of Fermi energy

~Sxcm?
Vxs

\ 6 10 2 . .
Epn(rpy (10* X eV), V(10" x :—m X Cmiz), o(=2), u( ), and D (%), are obtained, as functions of N,

axcm
by using Equations (17, 22, 19, 21, 25), respectively. It should be noted here that (i) they are cancelled at the
MIT-conditions, (T=0K, N=N¢pucpp) or N* = 0), and (ii) those values of Epygp) = 0,V=2 0,02 0,u=0,
and D = 0, obtained for N  N¢pn(cpp) » thus define the properties of this degenerate (or viscous) He-FL,
given in the Mott MIT. In particular, from these numerical results of V, one observes that, for such given (rq)

and T=0K), they increase with increasing N (or increasing Eg, gy ), in good agreement with those, obtained in

complex fluids by Wenhao [18], suggesting an equivalence between degeneracy-and-viscosity concept.

N = Nepn = Ncpn 8.2 8.4 8.6

Here, N is expressed in 10%° cm ™3

For ry = rye and Ncp,=2.1301641 x 1025 cm™3,

Efn 2 =0 5.1525 5.2359 5.3187
v o =0 0.0109 0.0110 0.0112
c 7 =0 959.62 981.87 1004.1
TR =0 730.44 729.58 728.74

2 =0 250.85 254.61 258.34

Ern 7 =0 4.8609 4.9468 5.0319
v ~ =0 1.0562 1.0708 1.0853
c 7 =0 8.8612 9.0516 9.2413
TRV = 7.3608 7.3241 7.2886

7 =0 2.3848 2.4148 2.4445

Epn 7 =0 4.4930 4.5823 4.6707
v 2 =0 1.4311 1.4546 1.4778
c 7 =0 5.5875 5.7178 5.8474
VIR =0 5.2230 5.1894 5.1570

7 =0 1.5641 1.5849 1.6054

For ry = rg, and Ncp,=17. 883983 x 1028 cm ™3,

Ern 7 =0 4.3731 4.4636 4.5532
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v 2 =0 1.5028 1.5288 1.5543
c 7 =0 5.0407 5.1622 5.2831
VRN =0 4.9069 4.8732 4.8409

7 =0 1.4302 1.4498 1.4691
N = Nepp = Ncpp 8.2 8.4 8.6

Here, N is expressed in 10%° cm ™3

For r, = ry, and N¢p,=2.1301641 x 10?5 cm™3,

Epp 7 =0 5.1525 5.2359 5.3187
v o~ =0 0.0109 0.0110 0.0111
c 7 =0 959.62 981.87 1004.1
VRN =0 730.44 729.58 728.74

7 =0 250.85 254.61 258.34

For r, = ryg and N¢p,=1.8601688 x 10%° cm 3,

Egp 7 =0 4.3404 44312 4.5211
v 2 =0 1.5196 1.5462 1.5724
c 7 = 4.9108 5.0304 5.1493
TRV = 4.8346 4.8009 4.7685

7 =0 1.3986 1.4179 1.4369

For 1, = 1y, and N¢p,=2. 0893098 x 10%? cm™3,

Epp 7 =0 4.2352 4.3271 4.4181
v 2 = 1.5665 1.5951 1.6233
c 7 = 4.5356 4.6497 4.7631
VRN = 4.6327 4.5987 4.5661
D ~ =0 1.3077 1.3263 1.3446

For 1, = rcq and N¢p,=2.4291269 x 102’ cm 3,

Epp 7 =0 4.0767 4.1704 4.2630
v 2 =0 1.6197 1.6512 1.6822
c 7 =0 4.0644 4.1721 4.2791
VAR =0 4.3958 4.3612 4.3280
D ~ =0 1.1944 1.2122 1.2297
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Table 7: In the n(p) type degenerate He — FL, for given physical conditions: rg,), N (or T), the same values
of & (py decrease, according to the increasing T (or to the decreasing N), and other thermoelectric coefficients
are in variations, as indicated by the arrows as: (increase: /7, decrease: ). One notes here that (i) for &, =

1.8138, while the numerical results of S present a same minimum Smin_(

~ —

1.563 x 10~* E) those of ZT

show a same maximum ZTy,.y = 1, (ii) for &,y = 1, those of S, ZT, ZTye, VC1, and Ts present the same
results: —1.322 X 1073, 0715, 3290, 1.105 X 1072, and 1.657 X 107, respectively, and (i) for

Lap = 1.8138, (ZT)pmore = 1.

En) N 1.880 [1.880]
-4V _ _
S (10 K) 1562 [~1.562]
AN 0.999 [0.999]
Dyt 7 0.931 [0.931]
-4V _ _
vCl (10 K) 0.061[=0.061] /
-4V _ _
Ts (10 K) 0.092 [—0.092]

7

—1.563 [-1.563] 7 —1.562 [-1.562]

1.8138 [1.8138]

1[1] N 0.999[0.999]
1[1] 1.074 [1.074]
01[0] 7 0.063[0.063] 7
0[0] 7 0.094[0.094]

1.750 [1.750] 1[1]

7 —1322[-1.322]

N 0.715[0.715)
3.290 [3.290]

1.105 [1.105]

7 1.657 [1.657]

0.998 [0.998]

7 —1.320 [—1.320]

N

7

7

0.713 [0.713]

3.306 [3.306]

1.109 [1.109]

1.663 [1.663]
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