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ABSTRACT

In degenerate, compensated and viscous n(p) — type Helium —
Fermi Liquid (He — FL) , the Global Einstein -and- Van Cong
relations, as those given in Equations (25, 32), and electrical
thermoelectric laws, enhanced by: our static dielectric constant law
given in Equations (5, 6), our electrical conductivity model in Eq. (19),
and especially our accurate Fermi energy expression in Eq. (17), are
now investigated, by basing on the same physical model and the
mathematical treatment method, as those used in our recent works.!*!
Their numerical results are obtained and given in next Tables in
Appendix 1, suggesting an equivalence between degeneracy-and-
viscosity concept, given in this He — FL. Here, the well-known “local”
Einstein relation, being valid only at the lowest degeneracy and lowest
viscosity, is now globalized by our “Global” Einstein -and- Van Cong
relations, valid at any degeneracy and viscosity, as showed in
Equations (25, 32).
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INTRODUCTION

In the degenerate, compensated andviscousn (p) — type Helium — Fermi Liquid (He —
FL), the Global Einstein -and- VVan Cong relations, as those given in Equations (25, 32), and
various optical-electrical-thermoelectric laws, enhanced by : (i) our static dielectric constant
law given in Equations (5, 6), (ii) our electrical conductivity (c)-model obtained in Eg. (19),
and especially (iii) our accurate Fermi energy expression in Eq. (17), with a precision of the
order of 2.11 x 1074, affecting strongly all the expressions of electrical coefficients, are
now investigated by basing on our physical model and Fermi-Dirac distribution function, as
those given in References.™*?]

Then, some important remarks can be summarized as follows.

(1) As observed in our recent work™, the critical impurity density Ncpn(cpp): defined by the
generalized Mott criterium in the metal-insulator transition (MIT), is just the density of
electrons (holes), localized in the exponential conduction (valence)-band tail (EBT),
NEbncop) being obtained with a precision of the order of 3.2902 x 1077, as that observed
in Tables 1A and 1B in Appendix 1, and also obtained in our recent work.!”! Therefore, the
effective electron (hole)-density can be defined as: N* = N — Nepn(cpp) = N — N&pacenp): N

being the total impurity density, as that observed in the compensated He-FL.

(2) The ratio of the inverse effective screening length k y to Fermi wave number kgp(ip)

sn(sp
at 0 K, Rgn(spy(N™), defined in Eq. (13), is valid at any N*.

Therefore, by basing on this o-expression, the Global Einstein -and- Van Cong relations
defined in Equations (25, 32) and various electrical thermoelectric laws are determined.
Finally, the numerical results of the electrical thermoelectric coefficients are obtained,
discussed and reported in Tables (1-7) in Appendix 1, suggesting an equivalence between

degeneracy-and-viscosity concept, given in this He-FL.
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Our Static Dielectric Constant Law and Generalized Mott Criterium in the Metal-
Insulator Transition (MIT)

First of all, in the n(p)-type degenerate He-FLM we denote : the donor (acceptor) d(a)-radius
by Td(a) : with the corresponding intrinsic one by:
Fdo(ao)=THe = 0.140 nm (Van der Waals), the static dielectric constant by: e, = 1.055",

and the two values of the unperturbed reduced effective electron (hole) mass in conduction

(valence) bands by: —® =3 and 6.2 [2], m, (= 9.109558 x 10728 g) being the free

m

electron mass, according to those given Tables [1A, 3A, 4A, 5A, 6A] and [1B, 3B, 4B, 5B,
6B] in Appendix 1, respectively.

Therefore, we can define the effective donor (acceptor)-ionization energy in absolute values

as:
13.6x¥
Edo(ao) = T]zo ev, 1)
and then, the isothermal bulk modulus, by :
— Edo(ao) 2%
B = —ooad _(—), 2
do(ao) (%)x(rdo(ao)f (cm3) (2)

Effects of impurity size

Here, one shows that the effect of the size of donor (acceptor) d(a)-radius, rqc,), strongly
affects the changes in all the energy-band-structure parameters, which can be represented by

the effective relative static dielectric constant e(rq,)), in the following.

Al rqa) = T'do(ao), the needed boundary conditions are found to be given, for the impurity-

atom volume V= (4m/3) X (rd(a))3and Vio(ao) = (41/3) X (rdo(ao))3, by:

0] the pressure p, as: po(rdo(ao)) =0, according to the p-pressure variation,
[Ap(rd(a))]n(p)E P(faa))Po(Tdoao)) = P(Tac). being equal to 0 at rgcy = Tdoao),
and

(i) the deformation potential energy (or the strain energy) o, as: O'O(I‘do(ao)) =0,

according to the ¢ — strain-energy variation, [Ac(rd(a))]n(p)

(raa)) =% (rdo(ao)) = o(rd(a)), being equal to 0 at rgca) = I'qo(ao)-
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Further, we also shown that, as rq(a) > T'qo(ao) (Td(a) < I'do(ao)), the compression (dilatation)
gives rise to: the increase (the decrease) in the effective donor (acceptor)-ionization energy

Ed(a)(rd(a)) in the absolute values, being obtained from the effective Bohr model, and then
such the compression (dilatation) is represented respectively by: Ed(a)(l‘d(a)) — Edo(ao) =

+ [Ac(rd(a))]n(p).

Furthermore, for rq) > rdo(ao) (Tdca) < I'do(ao)) . the two important equations, used to

do(ao)

determine [Ap(l‘d(a))]n and [Ac(rd(a))]n(p), are defined by: %: and p=1

d do Bdo(ao)

giving raise to: 22 dv dV(dv) v

Then, by an integration, one gets

) = £Bdo(ao) X ln( @ ) > 0, and

T'do(ao)

[Ap(rd(a))]n =2Bdo(an) In(Vdo(ao)

. 3
[Ac(rd(a))]n(p Bdo(ao) X(V Vdo(ao) )x In ( Vdo(ao) ): Edo(ao) X [(rdz%) _1] X

In (&)3 > 0. (3)

T'do(ao)

In Tables 1A-1B in Appendix 1, the numerical results of the pressure variation,

[Ap(rd(a))] ,» and the strain-energy variation, [Ao(rd(a))] , are obtained and computed,

using Equatlon (3), noting that those increase with increasing rq,).

As noted above, one thus obtains for rgc,) = rqe(a0), according to the compression,

2
(E(Fd(a))) 1] - [Ac(rd(a))]n(p)’

and for rgq(a) < rgo(ao), according to the dilatation,

Ed(a) (rd(a)) Edo(ao) - Edo(ao) X

2
Ed(a)(rd(a)) - Edo(ao) = Edo(ao) X l(s—o) l = _[Ac(rd(a))]

&(raca)) n(p)

Therefore, from above Equations (3) and (4), one obtains the expressions, for e(rgc,)) and

Eqa) (ra@), as:

€o

1+[(m)3_1
Tdo(ao)

<g,, and

an( fe Y

Tdo(ao)

(i)-for rd(a) = rdo(ao), since E(rd(a)):\/
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Ed(a (Td@) ~ Edo(ao) = Edo(ao) X [ “(a) 1] rd(a) “>o, (5)

rdo(ao) 1"(10(30)

according to the increase in Eqc)(rqc ), and

€0

> g,, With a condition,

(in)-for I'd(a) < I'do(ao) s since a(rd(a)): 3 .
j (e ) s s )
T'do(ao) Tdo(ao)

given by: [( “d@) ) - 1] X In (rd&)3 <1,and

T'do(ao) Tdo(ao)

r 3 r 3
Eqca)(Ya@) — Edotao) = ~Edoao) X [(L) — 1] X In (L) <0, (6)

T'do(ao) Tdo(ao)

corresponding to the decrease in Eqc)(raca) )-

Furthermore, the effective Bohr radius agpgp)(raca)) is defined by:

_ S(rd(a)) Xflz

- €(r4a))
agn(Bp) (Td(a)) = ~ 0.53 x 1078 cm x ——4@) 0

me(yyXq? Me(y)/Mg’

where —q is the electron charge; q > 0.

Generalized Mott Criterium in the MIT

Now, it is interesting to remark that the critical total donor (acceptor)-density in the MIT at
T=0 K, N¢pn(cpp)(Taa))s Was given by the Mott’s criterium, with an empirical parameter,
[1].

st

My (p), @

1
Nepncepp) (Taca)) /3 x agnp) (Td(a)) = Mn(p), Mn(p) = 0.25, (8)

depending thus on our new &(ryc,))-law.

This result can be explained by using the definition of the reduced effective Wigner-Seitz

(WS) radius rgpsp) M, in the Mott’s criterium, being characteristic of interactions, by:

1

ot 1
3 3 1 3\3

r N=N r , T = ( ) X =—)" X4 =
sn(sp),M( CDn(CDp)( d(a)) d(a)) 4TTNCDn(CDp)(rd(a\)) aBn(Bp)(rd(a)) (4'“)

2.4814, (9)

for any rq(,)-value. Therefore, one also has :
1
Ncon(epp) (Fdca)) /3 x apn(ep)(Ta@) = 1/4 = 0.25 = M), (10)

explaining thus the existence of the Mott’s criterium.

Furthermore, by using M) = 0.25, according to the empirical Heisenberg parameter

¥y = 0.47137, as that given in our recent work™, we have showed that Ncpn(cpp) IS Just
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the density of electrons (holes) localized in the exponential conduction (valence)-band
tail Nepncop) »  With a  precision  of  the  order  of
3.2902 x 1077, as also showed in Tables 1A and 1B in Appendix 1. So,

Neonavop) (Ta@)= Nepaenp) Ta@))- (11)

Here, it shoud be noted that the values of My,,) and 3,y could be chosen such that those of

Nepn(eppy @d NEp 1 cpp) are found to be in good agreement with experimental results.

Therefore, the effective density of electrons (holes) given in parabolic conduction (valence)

bands, N*, can be defined, as that given in compensated materials:

N*(N, r4(a)) = N = Nepnuop) (Faay) = N = Népncop) (Faca) = 0. (12)

One notes here that, with increasing rqcy) and for a given N, Nepnnpp) (Taca)) INCreases, as
that observed in Tables 1A and 1B in Appendix 1, and therefore, N*(rg(,)) decreases,

according to an increasing compensation.

In summary, as observed in our recent paper™, for an increasing Taa): €(Taca)) decreases,
while Ncpnvpp) (Tay) increases, affecting strongly all the electrical-and-thermoelectric

coefficients, as those observed in following Sections.

Physical model

In the n(p)-type degenerate He-FL, the reduced effective Wigner-Seitz (WS) radius rgpsp),

characteristic of interactions, being given in Eq. (9), in which N is replaced by N*, is now
defined by:

-1
Krn(Fp) <1
aBn(Bp) ’

3 )1/3>< 1

rsn(sp)(N*,rd(a)) = (m being

Y X Tsn(sp) (N*' rd(a)) = m ’

1
proportional to N*"%3., Here, y = (4/97)/3, Ken(rpy(N*) = (3m?N*)3 is the Fermi wave

number.

Then, the ratio of the inverse effective screening length kgpspy t0 kpn(py is defined by:

— ksn(sp) k;rll(Fp) -r
Rsn(sp) (N*) = K %1 Rsnws(spws) + [RsnTF(spTF) - RanS(spWS)]e sn(sp) <
Fn(Fp) sn(sp)

1,(13)
being valid at any N*.
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Here, these ratios, Rsntr(sprr) and Rgqws(spws), can be determined as follows.
First, for N > N¢pnnpp) (Ta))» according to the Thomas-Fermi (TF)-approximation, the

ratio Rgnrresprry (N™) is reduced to:

_ KsnTF(spTF) kErll(Fp) 4YTsn(sp)
RsnTF(spTF)(N*) ="K ~ 1 = <1, (14)
Fn(Fp) snTF(spTF) n

being proportional to N*~*/¢.

Secondly, for N < Nepnnpp) (Tagay), according to the Wigner-Seitz (WS)-approximation,

the ratio Rs,ws(snws) is respectively reduced to:

o _ Ksn d[r2, sy XEcE(N®)
Renippws(N') = S22 = 05 x (3 — L), 1)

where Ecg(N™) is the majority-carrier correlation energy (CE), being determined by:

0.87553 2[1-In(2)]
: xIn(r -0.093288
E (N*) _ —0.87553 0.0908+rsn(sp) ( 2 ) ( sn(sp))
ce 0.0908+Tsn(sp) 1+0.03847728xr /379876

Furthermore, in the highly degenerate case, the physical conditions are found to be given by:

Ken(p) Unep) 1 Ken(rp) VZmxN* oy —1/2
< = =R <1, U N r = X q°k :
apn@p)  EfnoFpo)  Anp)  Ksn(sp) sn(sp) n(p)( d(a)) &(rd(a)) 4 Xsn(sp)
(16)
: : . * EFno(Fpo)(N*) * — thkIZJn(Fp)(N*)
which gives: A N*r =—= E N1 = —
g n(p) ( d(a)) [Un(p)(N*'rd(a)) Fno(Fpo) ( d(a)) 2Xme(y)

Here, one remarks that: (i) the generalized Thomas-Fermi energy Un(p)(N*, rd(a)) can thus be

N
e(tgca))’

approximately expressed as: C X C being a constant, and (ii) Uy, ( rqca)) increases

with increasing rq(,) and for a given N, since €(rq(,)) decreases, as given in Ref.l®!

Fermi Energy and Fermi-Dirac Distribution Function
Accurate Fermi Energy Expression
Here, for presentation simplicity, we change the sign of all various parameters, given in the

p-type He-FL, in order to obtain the same one, as that given in the n-type He-FL , according

to the reduced Fermi energy Epngep) : &ngpy(N* Ta@), T) = EF“(F")I((NT'rd(a)'T) > 0(<0),
B

obtained respectively in the degenerate (non-degenerate) case.
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For any (N*, rqa), T), the reduced Fermi energy &,.)(N*, rqe), T) or the Fermi energy
Epnerp) (N, Tq(a), T), obtained in our previous paper'®, obtained with a precision of the order

of 2.11 x 1074, is found to be given by:

_ Erne )(u) G(u)+AuBF(u) V(u)
Enp (W) = — 7 rAdE = weay A = 0.0005372 and B = 4.82842262, (17)

where u is the reduced electron density, u(N*,rd(a),T)ENN—*(T), New)(T) =2 x
c(v)

gy kBT S R e nTs 2/3 12
(mew) B) (cm™3) | F(u)—au3(1+bu3+cu 3) a=[avmal” | b=l

2Th2

62 3739855

T andG(u)~Ln(u)+22><u><ed“d—23/2 > 0.
1920

So, in the non-degenerate case (u < 1), one has: Epyppy(u) = kgT X G(u) = kgT X Ln(u)

as u — 0, the limiting non-degenerate condition, and in the very degenerate case (u > 1),

2
73 R®XKgngp)(NY)
- mec(v)xmo

8

2 4
one gets: Eppppy(u > 1) = kgT X F(u) = kgT X au3 (1 +bu s+ cu_E)

Fn(Fp)

as u — oo, the limiting degenerate condition. In other words, &, = is accurate,

and it also verifies the correct limiting conditions.

In particular, as T— 0K, since u! >0, Eq. (11) is reduced to: Efnopoy(N*) =

A2 XK rp)y(N¥)
mec(v)

, being proportional to (N*)2/3. Further, at T=0 K and N* = 0, being physical

conditions, given for the metal-insulator transition (MIT).

In the following, it should be noted that all the optical and electrical-and-thermoelectric

properties strongly depend on such an accurate expression of En(p)(N*, Td(a)s T).[9]

Fermi-Dirac Distribution Function (FDDF)
The Fermi-Dirac distribution function (FDDF) is given by: f(E) = (1+e¥)™1, y= (E—
Eneep))/(kgT).

Thus, the average of EP, calculated using the FDDF-method, as developed in our previous

works™ ® is found to be given by:

ey

_ p _ [ 1
<Ep)FDDF = Gp(EFn(Fp)) X EFn(Fp) = f—oo EP x ( )dE _ﬁ ﬁ X m.
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Further, it should be noted that, at T=0 K, —— = 8(E — Egno(epo) ) 8(E — Erno(rpoy) being

the Dirac delta (8)-function. Therefore, Gp(EFno(Fpo)) = 1.

Then, at low T, by a variable change y = (E — Egn(gp))/(kgT), One has:
— o B
GP(EFn(Fp)) =1+ EFn(Fp) I wm (kTy + EFn(Fp)) dy =1+ Z“ 12,..Cp X

p
(kpT)P X Egpppy

x Ig, where CE’ =p(p—-1..(p—B+1)/B!'and the integral Ig is given
by:

BxeY B
_ [ YPxe _ Y
lp =/, arenz Y T e (e¥/24e-V/2)?

dy, vanishing for old values of B. Then, for even

values of B = 2n, with n=1, 2, ..., one obtains:

_ 1) y2n><ey
IZn =2 fo (1+eY)2 dy .

Now, using the identity(1 + e¥)™2 = 322 ,(—1)*1s x Y6~V a variable change: sy = —t,
the Gamma function: f0°° t?"e"tdt =T (2n + 1) = (2n)!, and also the definition of the
Riemann’s zeta function: {(2n) = 22" 11?®|B,,|/(2n)!, B,, being the Bernoulli numbers,
one finally gets: I,, = (22" — 2) X 2" X |B,,|. From the above Eq. of (EP)gppr, We get in
the degenerate case (§,(,) > 1) the following ratio:

T[kBT

Gp>1 (y =

2n

vy,
which can thus be approximated by:

1
Gp>1(y <1 =1+p(p—1) X[By| Xy B, = . (18)

_ E < 1) (E JEDDE _ 1 +Z p(p D..(p-2n+1) (22" — 2) X |Byy| X
n(p)

Epn(rp) Fn(Fp) (2n)!

Then, some usual results of G, (y < 1) are given in the Table 2 in Appendix 1, suggesting
that, with increasing T (or decreasing T) and for given (N, rgq), since &, (T) decreases (or

increases), the function G, (T) increases (or decreases).

Electrical Properties
Now, the electrical conductivity o can be defined and expressed in terms of the kinetic energy

2 2
of the electron (hole), Ex = Zir:k , k being the wave number, as:
™
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1

X [k X apneep) ] X (Uii‘p))z (5=-). Which is thus proportional to E?,

q?xk k
X
mXh k.

o(k) =

sn(sp)

q? _ _ . . . .
where —— = 7.7480735 x 107 ohm™" and Uy ) (N*, raca)) is determined in Eq. (16).

T[kBT

Then, we obtain: (E®)eppr = Go(y = 5
Fn(Fp)

2
)fo-n(Fp) , and Gy(y) = (1+y?)z
Go(N*, Tqca), T) , With yzznﬁ, Enp) = &np)(N* raa), T) for simplicity. Therefore, for

EFno(Fpo) > (0 and T =0K, Gz(y =0)=1.

Therefore, if denoting the function H(N*, ryq(,), T) by:
H(N*, rq), T) =

[an(Fm(N*)
Rsn(sp) (N*)

* £\ EFno(F 0)(N*)
X [kenrp) (N) X agncap) (rac )| \/An(p)(N ) = G (Ve

GZ(N*,rd(a),T), which can be approximately expressed in terms of: Eﬁno(Fpo)(N*)x

£(rac)) o i ) .
GZ(N*, rd(a),T) X ~——=—. Thus, with increasing rq¢,) and for given T and N, the function
(N")z

H(rqc)) therefore decreases since £(rq(,)) decreases, as noted in Ref."!

Therefore, the electrical conductivity o may be determined by:

5 2
O'(N*, rd(a)' T) = & X H(N*' rd(a)‘ T) X (M) (ﬂxlcm)' (19)

EFno(Fpo)

noting that, at T=0K, it can thus be approximately expressed in terms of

,’s(rd(a)'x) i . 13
Efno(rpo)(N* Taca) X) X ~——— , being proportional to: /s(rd(a),x)x(N*)lz , for

(N*)2
EFno(Fpo) > (0 and T =0K.

Here, if denoting, for majority electrons (holes), the thermal conductivity by:

w
cmXxK

oth. (N*, rqea), T) in , and the Lorenz number L by:

Wxohm
K2

n? _ (kg)? -8 (y2 -2
L="x (?) = 2.4429637 ( ) = 2.4429637 x 1078 (V2 x K=2) , then the well-
orn,
0_ i)

known Wiedemann-Frank law states that the ratio, is proportional to the temperature

T(K), as:

oth.(N"rqea)T)
———= - =LXxT. 20
o(N"rg(a)T) (20)
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Further, the resistivity is found to be given by: p(N*, rgc), T) = 1/06(N*, rqc), T), noting
again that N* = N — Nepnnpp) (Fa(a), X)-

New Electrical Coefficients

The relaxation time t is related to by™":

C()

T(N*,r4@), T) = o(N*, r4(a), T) >< . Therefore, the mobility p is given by:

. axt(N*rgqca)T) O'(N Tdca)yT) 2
n(N* raqa), T) = = e (5 @D

Mc(v)X Mo gqxN*
being expressed in terms of M Further, as noted in above Eq. (19) for c(N*, rd(a),T)
and at T=0K, u(N*, rqc), T) can thus be expressed in terms of:

/E(rd(a))

EFno(Fpo)(N rd(a)’x) X

N*4

Then, from the well-known idea of Stokes, Einstein, Sutherland and Reynolds, we can define
our viscosity coefficient, V(N*, rq(,), T), and its reduced one, RV(N*, r4c,), T), by:

sz) RV(N rd(a)'T) V(N*rg(a), T=0K)’ (22)

V(N*rqe),T) _ 1 ( %

q 61t><u(N Tda)T)XRws(N*) \cm

1/3
where Ryys(N¥) = (“3 ) is the effective Wigner-Seitz radius, decreasing with increasing

N*

N*.

Further, as noted above foru(N*,rd(a),T), V(N*, rqc), T) can thus be expressed in terms of

19 1
(N)TZX[Ncpnnpp) (Td(a)*)]
Efnerp) (N*Taa) T)XG2(N*rg(a), T)

, giving raise to some concluding remarks as follows.

—With decreasing T and for given N and rg(,), and

—with increasing N and for given T and rq(,), corresponding to the high degeneracy
conditions,

V(N) thus increases, suggesting an equivalence between degeneracy-and-viscosity

concept, and being used to explain the numerical results of V, given next Tables.

Then, the activation energy, AE(N*, rg(a), T), can be defined as™”!
AE(N", 1), T) = kT x Ln (RV(N", 14y, T) ) < 0 eV, (23)

according to the reduced activation energy, RAE(N*, rd(a),T), given by:
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RAE(N", rg(a), T) = W = Ln (RV(N",rga), T)) < 0.

Furthermore, the Hall factor, r(N*, rq(,), T), is defined by:

% _ {t®)rDDF G4 (y) _ T Tk T
N*, ,T) = = , V= = , and the Hall
r(N" racay, T) {orpprl?  [G2()]? y Enp)(N"rqea)T)  Epnrp)(N*.rqea)T)

mobility is found to be given by:

2
MH(N*, rd(a),T) = M(N*’rd(a):T) X I’(N*,Fd(a),T) (%) (24)

Global Einstein -and- VVan Cong relations
By taking into account Equations (21, 22) and for any N*, rgqc), and T, our global relations
are found to be defined by:

D(N*rgca).T) _ D(N*rgc)T)
W(N*rqe).T) ~ o(N*rac)T)

N* _ dEpnep) _ kgxT dh (W 3xL d&npy(W)\ kp 3xL
X R N ) =—x Pl = X( D )= —XTX(¢)—= —
6 ws(N) q dN* q u du 2 u du " q 2

V(N*,rd(a),T) x

R(N*, rqa), T) = X @ % N* = D(N*, rge), T) X

 (25)

where D(N*, rd(a),T) is the diffusion coefficient, &, (u) is defined in Eq. (17), the mobility
w(N*, rqca), T) is determined in Eq. (21), the conductivity 6(N*, rqc), T) is determined in Eq.
(19), and the viscosity coefficient V(N*, rq), T) is defined in Eq. (22). By differentiating this

Efpn(rp)(0) — G(w)+AuBF(u) — V(u)

with respect to u, being defined in Eq.

kgxT
q

d&np)(w)
du

(11), one obtains . Therefore, Eq. (24) can also be rewritten as: R(u) = X

V (W) xW(w)-V(u)xW'(v)

3
W where W'(u) = ABu®™! and V'(uw) =u™+27ze7%(1 —du) +

8

4
2AuBT1F(u) | (1 + 2B) 4 2x2u 222w 2 | One remarks that: (i) as u — 0, one has: W? = 1 and

14+bu” 3+cu 3

kgxT

u[V' xW—-VxW'] =1, and therefore: R(u— 0) = , being a well-known local

(u - 0) relation given by Einstein, and (ii) as u — oo, one has: W? =~ A%2u?B and u[V’ x

W —V x W'] = 2au?/3A?u?B, and therefore, in this highly degenerate case and at T=0K,

our relation (24) is reduced to a correct result: [R(N*, Tg@y % T = OK) = EEFno(Fpo)(N*)/q-
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It should be noted that the well-known “local” Einstein relation, being valid only at the
lowest degeneracy (or u — 0), is now globalized by our “Global” Einstein -and- Van Cong

relations (25), valid at any degeneracy (or any u).

Furthermore, in the present degenerate case (u > 1), Eq. (25) can be rewritten as:

4 8
bu 3+2cu 3
2 o Erno(rpo) W) 4< >

Revey(N*, raga), x, T = 0K) = - X X143 % P ———]
<1+bu 34+cu 3>
where a = [3v/4]*°, b = 1(2)” and ¢ = 373055 (my*

Then, in Tables 3A and 3B in Appendix 1, for given rg,, and T=(4.2 K and 300 K), the

numerical results of V, pand D, expressed as functions of N, are obtained by using Equations
(22, 21 and 25).

Further, in Tables 4A and 4B in Appendix 1, for given rgc,) and N, the numerical results of

Fermi energy Epnrp)(r=ok)(e€V) [or reduced Fermi energy &, (N*,rq, T)], and viscosity
coefficient W(N*, Td(a) T), expressed in (% X C;—Z) are obtained, as functions of T, by using

Equations (17, 22), respectively.

Thermoelectric Coefficients
Then, from Eq. (19), obtained for o(N*,rgc), T), the well-known Mott definition for the

thermoelectric power or for the Seebeck coefficient, S, is found to be given by:

-2k al -m? _ k dlnc
S(N', Faga T) = 5 X 2 5 e T x 209) — =™ ke y 9 (oncp)
3 q>0 OE E=Egn(rp) 3 q n(p)

2
= —2IL x LM (B) < 0, ZTyon = —rr—

1+ ZTMmott 3X§n(p)1

Then, using Eg. (17), for the degenerate case, &,;) =0, one gets, by putting

2

* — y

Ysp (N*, 1) T) = |1 ————|,

3XG2<Y_§n(p)>

k 2Y 3xL 2XE, ~ ZTmott (V
S(N* ,T = ke PYsp oo ) = 9 T, x LMot (7))
( rd(a) ) 3 q En(p) T2 <1+3x§n§p) ) \/_ 1+ ZTMmott (K )
2
0, ZTyott = —— (26) according to:
3X8a(p)
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[1+ ZTMmott]?

3%8n(p)
as 3xL — 1 ,3>< 7T x[1—-ZT
— X 2 X 2 2>2 — — % 2 Mott [ Mott].

Here, one notes that: (i) as &,y — +0 or &,y = +0, one has a same limiting value of S:

S— —0, (ii) at &) = \/: ~ 1.8138, since = 0, one therefore gets: a minimum

a En(p)

() min. = —VL = —1.563 x 10™* (%) and (iii) at &,y = 1 one obtains: S ~ —1.322 X
1o ()

Further, the figure of merit is found to be defined by:

S?xoxT  S? 4x ZTMott

ZHN T 1) = =TT T STwou (27)

a(ZT) § = .
Here, one notes that: (i) —— FT =2X=X GEn ,$ <0, (i) at &,y = \/z ~ 1.8138, since
d(ZT) ) ]
Ty 0, one gets: a maximum (ZT)pmax = 1 , ZTyore = 1, and (iii) at &,y = 1, one

obtains: ZT = 0.715 and ZTyor = “? ~ 3.290.

Finally, the first Van-Cong coefficient can be defined by:

o dS (VY o 0SB
VCL(N o), T) = —N" X o (K)_N T oN 2%)

. 1-[2
being equal to 0 for &,,) = \/; ,
and the second Van-Cong coefficient as:

VC2(N*, rqay T) = T X VC1(N*, 1ga), T) = T X N* x =2 x — Lo (29)
0%h(p) ON*

the Thomson coefficient, Ts, by:

. — ds (v _ S ., 9n(p)
Ts (N*,ra@a), T) = T X dT (K) =Tx 9%n(p) o (0

being equal to O for &,,) = \/%

and the Peltier coefficient, Pt, as:

Pt(N*, I'd(a),T) =TxS. (31)
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Then, in Tables 5A and 5B in Appendix 1, for given rq and N, the numerical results of
Enep): ¥, AE, oy, S, VC1, VC2Z, Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K),
by using Equations (17, 22, 23, 20, 26, 28, 29, 30, 31, and 27), respectively.

Further, in Tables 6A and 6B in Appendix 1, for given rgc,) and T=0K, the numerical

2
results of Fermi energy Eppep)(eV), V(%xi o(=2), p(=—

sz ! Qxcm

), and D(g), are

VXs

obtained, as functions of N, by using Equations (17, 22, 19, 21, 25), respectively.

Finally, in Table 7 in Appendix 1, for given physical conditions: rgqc), N (or T), the same
values of &, decrease, according to the increasing T (or to the decreasing N), and other

thermoelectric coefficients are in variations, as indicated by the arrows as: (increase: /7,

decrease: \v). One notes here that (i) for §,,) =~ 1.8138, while the numerical results of S
present a same minimum Sy, (z —1.563 x 1074 E) those of ZT show a same maximum
ZTax = 1, (ii) for &,p) = 1, those of S, ZT, ZTyer, VC1, and Ts present the same results:
~1.322 x 107*, 0715, 3.290, 1.105 x 10, and 1.657 x 10~*, respectively, and (iii)

for §,¢p) = 1.8138, (ZD o = 1.

Furthermore, it is interesting to remark that the VC2-coefficient, defined in Eq. (29), is related

to our Global Einstein -and- Van Cong relations (25), by:

kg . _ as D(N*rgca)T) (VZ\ kg 3XL
— X VC2(N", ,T)=— X —)h ===
q ( fa@ ) Enp)  M(N*rga)T) ( ) q m?
according, in this work, with the use of our Eq. (26),
to: VC2(N,rge), T) = T X VC1(N,rqca), T) =
_ D(N*,rg(a),T) ZTmottX[1— ZTmott] . om?

u(N*rqca).T) x2x [1+ ZTmott]? V), ZTors = 3XE )

Therefore, we obtain in this work:

D(N*rg(a)T) _ D(N*rg(a)T)

R(N", rgqa), T) = r(N“ra@).T) = o(N"rac).T)

X q X (N*/8cw)) = D(N*,rgea), T) X

V(N*,r , T VC2(N,r , T 1+ ZT 2 N* dE
( d(a)'T) _ ( d(a) ) % [ Mott] = x Fn(Fp) ’ (32)

X 6 X Ryys(N*) = -
WS( ) 2 ZTMmottX[1— ZTMmott] q dN*

being new results.
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Concluding Remarks

In the n(p) — type degenerate He — FL, the electrical and thermoelectric coefficients,

enhanced by : (i) our static dielectric constant law, £(rqc)), given in Equations (5, 6), (ii) our

accurate reduced Fermi energy, &, ), given in Eq. (17), being accurate with a precision of the

order of 2.11 x 104, affecting all those coefficients, and finally (iii) our electrical

conductivity model, given in Eq. (19), are now investigated by basing on our physical model

and Fermi-Dirac distribution function, as those given in our recent works.

Finally, the numerical results of those coefficients are given and discussed in Tables 3A, 3B,
4A, 4B, 5A, 5B, 6A, 6B, and 7 in Appendix 1.
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APPENDIX 1
Table 1A. In the n(p) type degenerate He — FL, in which Igo(a0)=Tse=0.140 nm (Van der Waals), m.y,/m, = 3 and

£, = 1.055, the numerical results of € and N¢pp(cpp) are computed, using Equations (5, 6) and (8), and those of NEEE(CDP)

were given in Ref.l"! It should be noted that the relative deviations in absolute values are defined by: [RD| = |

giving rise to their maximal value equal to 3.2325x 1077 .

It means that such the critical

EBT
Ncbn(cpp)
1 - ~Soem,

Ncpn(cdp)

d(a)-density

Ncpnvpp) (Td(a)), determined in Eq. (8), is just the density of electrons (holes) localized in the EBT, NESE(CDp)( Tqa)) [1].

Further, it should be noted that, for an increasing rq(a), both Nepnnpp) (faca)) and NEBE(CD}))( I4(a)) increase, since, in Eq.

(3), both the pressure variation, [Ap(rd(a))]

n(p)’

and the strain-energy variation, [Ao(rd(a))]n 5

increase.

Donor P As Sb Sn(He)
rq (nm) 2 0.110 0.118 0.136 0.140
e(ry) N 1.33187 1.18381 1.05884 1.0550
Nepn(ra) in 1024 cm™=3 2 1.1994085 1.7081025 2.3870757 2.4132469
NEBT(ry) in 102* cm™3  ~ 1.1994083 1.7081020 2.3870749 24132463
IRD| in 10~7 2.0114 3.1252 3.2325 2.6525
24
[Bp)ln (For) v 23073462 16356587 0.2773417 0
Do)l (V) N 13.656630 75432066 0.2655055 0
Acceptor Ga He Mg In Cd
r, (nm) 2 0.126 0.140 0.141 0.144 0.148
e(ry) N 1.1033 1.0550 1.0547 1.0511 1.0394
Nepp(ry) in 1024 cm ™2 7 21099137 2.4132469 2.4149152 24402756 25235461
NEB{, (ry) in 10%*cm™3 ~ 2.1099132 2.4132463 2.4149146 2.4402751 2.5235455
|IRD| in 1077 2.5286 2.6509 2.6249 1.9753 2.5653
24
[Ap ()], (“sz") 1.0080491 0 7 0.0680972 0.2695282  0.5316711
[Ac ()], (V) 3.1399568 0 7 0.0168925 02731992  1.1086119

Table 1B. In the n(p) type degenerate He — FL, in which Igo(ap)=Tye=0.140 nm (Van der Waals), m y,/m, = 6.2
and &, = 1.055, the numerical results of € and Ncpn(cpp) are computed, using Equations (5, 6) and (8), and those of
NEBI(CDp) were given in Ref.l'! It should be noted that the relative deviations in absolute values are defined by: |RD| =

NERR o . . - )
|1 — —CBnE " oiving rise to their maximal value equal to 3.2902 X 10~7. It means that such the critical d(a)-density

Ncpn(cdp)

Ncpn(npp) (Tdca)), determined in Eq. (8), is just the density of electrons (holes) localized in the EBT, NEEE(CDP)(rd(a))“]
Further, it should be noted that, for an increasing rq(,), both Nepnnpp)(raca)) and NEBE(CDP)( Iq(a)) increase, since, in Eq.

(3), both the pressure variation, [Ap(rd(a))]n(p), and the strain-energy variation, [Ao(rd(a))]n(p) increase.

Donor P As Sb Sn(He)
rq (Nnm) 7 0.110 0.118 0.136 0.140
e(ry) N 1.33187 1.18381 1.05884 1.0550
Nepn(rg) in 102° cm™3 2 1.0587135 1.5077357 2.1070629 2.1301641
NEBT(ry) in 105 cm™3 2~ 1.0587133 1.5077353 2.1070622 2.1301635
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|RD| in 1077 2.3414 2.9281 3.2902 2.6506
24

[Ap(r)],, (“Zm:") 47685155  3.3803614 0.5731727 0

[Ao(rl, (V)  » 28223701 15589294 0.5487114 0

Acceptor Ga He Mg In Cd

r, (nm) 7 0.126 0.140 0.141 0.144 0.148

e(ry) ™ 1.1033 1.0550 1.0547 1.0511 1.0394

Nepp(ra) in10%> cm™3 ~ 1.8624130 2.1301641 2.1316367 2.1540222 2.2275248

Nggg (rp))in10%*cm™3 ~ 1.8624125 2.1301635 2.1316361 2.1540218 2.2275242

|RD| in 1077 2.5017 2.6490 2.6169 1.8821 2.5759
24

Bpe)l, (o) 20833014 N 0 2 01407342 05570249  1.0987868

[Ac ()], (eV) 64802441 N 0 00349111 05646117  2.2911313

mkgT _ =

Table 2: Expressions for Gps1(y = ), due to the Fermi-Dirac distribution function, are used to

EfnFp)  &n(p)
determine the electrical-and-thermoelectric coefficients, suggesting that, with decreasing T and for given

(high N, rg), the function Gps1(y) decreases as: Gps1(y > 0) = 1.

Gs/2 6%) G2 (y) Gs/2 6] Gs(y) G2 4] G4 (y) Go/2 )

(1+ YS—Z) (1+ Y3—2) (1+ %) (1+y?) (1+ %) (1+2y?) (1+ 2

Table 3A: In the n(p) type degenerate He — FL, in which rge(ae) = Iie =0.140 nm (Van der Waals),

m)/m, = 3 and g, = 1.055, for a given rgc), and T=(4.2 K and 300 K), the numerical results of

. . [108xeV s 107?xcm? cm? . . .
V, nand D, expressed respectively in (T P ;T)’ as functions of N, are obtained by using

Equations (22, 21 and 25), noting that, in this very degenerate case, for same physical conductions, all the

corresponding physical results are found to almost be the same.

Donor As Te Sb Sn (He)
rq (nm) 7 0.118 0.132 0.136 0.140
At T=4.2 K,

N (10%% cm™3)

8.0 (5.381; 6.798;10.08)  (6.269; 5.820;8.585) (6.372; 5.725;8.439) (6.406; 5.693 ; 8.390)
8.2 (5446 ; 6.774;1021)  (6.347; 5.798 ;8.698)  (6.451; 5.702 ;8.550) (6.486; 5.671 ; 8.501)
8.4 (5.511; 6.750;1035)  (6.424; 5.776;8.810)  (6.530; 5.681 ;8.659) (6.565; 5.649 ; 8.609)
8.6 (5.574; 6.727;10.48)  (6.500; 5.755:8.920)  (6.607; 5.660 ; 8.768) (6.643 ; 5.628 ;8.717)
At T=300 K,

N (1025 cm™3)

8.0 (5.381; 6.798;10.08)  (6.269; 5.820;8.585) (6.372; 5.725;8.439) (6.406; 5.693 ; 8.390)
8.2 (5446 ; 6.774:1021)  (6.347; 5.798;8.698)  (6.451 ; 5.702;8.550) (6.486; 5.671 ;8.501)
8.4 (5.511; 6.750;1035)  (6.424; 5.776;8.810)  (6.530; 5.681 ;8.659) (6.565 ; 5.649 ; 8.609)
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8.6 (5.574; 6.727;10.48)  (6.500; 5.755;8.920)  (6.607 ; 5.660 ;8.768) (6.643 ; 5.628 ;8.717)
Acceptor He Mg In Cd

r, (nm) 2 0.140 0.141 0.144 0.148

At T=4.2 K,

N (10%° cm™3)

8.0 (6.406 ; 5.693 ; 8.390) (6.409 ; 5.691;8.387) (6.442; 5.661 ;8.341) (6.550; 5.566 ; 8.195)
8.2 (6486 : 5.671:8.501)  (6.489: 5.669:8.497) (6.522: 5.639:8.451)  (6.632; 5.544 : 8.302)
8.4 (6.565 ; 5.649 ; 8.609) (6.568 ; 5.647;8.606) (6.602; 5.617 ; 8.559) (6.713; 5.223 ; 8.409)
8.6 (6.643 ; 5.628 ;8.717) (6.645; 5.626;8.714)  (6.680 ; 5.597 ; 8.666) (6.793; 5.502 ;8.514)
At T=300 K,

N (1025 cm™3)

8.0 (6.406; 5.693;8.390)  (6.409; 5.691;8387) (6.442; 5.661;8341)  (6.550; 5.566 ; 8.195)
8.2 (6.486 ; 5.671 ;8.501) (6.489 ; 5.669 ;8.497) (6.522; 5.639 ;8.451) (6.632; 5.544 ;8.302)
8.4 (6.565 ; 5.649 ; 8.609) (6.568 ; 5.647;8.606) (6.602; 5.617 ; 8.559) (6.713; 5.223 ; 8.409)
8.6 (6.643; 5.628:8.717)  (6.645: 5.626:8.714)  (6.680: 5.597:8.666)  (6.793; 5.502 : 8.514)

Table 3B: In the n(p) type degenerate He — FL, in which Igo(ae) = Ite =0.140 nm (Van der Waals),

m.),/m, = 6.2 and €, = 1.055, for a given rqe,), and T=(4.2 K and 300 K), the numerical results of

0%xeV S

V, nand D, expressed respectively in (1

107 2xcm?2 cm?2 . . .
— ;—), as functions of N, are obtained by using
cm cm Vxs S

Equations (22, 21 and 25), noting that, in this very degenerate case, for same physical conductions, all the

corresponding physical results are found to almost be the same.

Donor As Te Sb Sn(He)

rq (nm) 118 0.132 0.136 0.140

At T=4.2 K,

N (10%° cm™3)

8.0 (1.403; 2.450;1.551)  (1.528; 2.185;1.307) (1.540; 2.160; 1.282) (1.544; 2.152;1.274)
8.2 (1.426; 2.434;1.573)  (1.557; 2.169;1.326) (1.570; 2.144;1.301) (1.574; 2.135;1.293)
8.4 (1.450; 2.418;1.594)  (1.585; 2.153;1.345) (1.598; 2.128;1.320) (1.603 ; 2.120;1.311)
8.6 (1.473; 2.403;1.614) (1.613; 2.138;1.363) (1.627; 2.113;1.338) (1.631; 2.104;1.329)
At T=300 K,

N (1025 cm™3)

8.0 (1.403; 2.450;1.551)  (1.528; 2.185;1.307) (1.540; 2.160; 1.282) (1.544; 2.152;1.274)
8.2 (1426 ; 2.434;1.573)  (1.557; 2.169;1.326) (1.570; 2.144;1.301) (1.574; 2.135;1.293)
8.4 (1.450; 2.418;1.594)  (1.585; 2.153;1.345) (1.598; 2.128;1.320) (1.603 ; 2.120;1.311)
8.6 (1.473; 2.403;1.614) (1.613; 2.138;1.363) (1.627; 2.113;1.338) (1.631; 2.104;1.329)
Acceptor He Mg In Cd

r, (nm) 7 0.140 0.141 0.144 0.148
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At T=4.2 K,

N (10%° cm™3)

8.0 (1544 ; 2.152:1274) (1545 2.151:1273) (1.548: 2.143:1266)  (1.560; 2.118:1.240)
8.2 (1.574; 2.135;1.293) (1.574; 2.135;1.292) (1.578; 2.127;1.284) (1.590; 2.102;1.259)
8.4 (1.603 ; 2.120;1.311) (1.603; 2.119;1.311) (1.607; 2.111;1.303) (1.620; 2.086;1.277)
8.6 (1.631; 2.104;1.329) (1.632; 2.104;1.329) (1.636; 2.096; 1.321) (1.649 ; 2.071;1.295)
At T=300 K,

N (1025 cm™3)

8.0 (1.544; 2.152;1.274) (1.545; 2.151;1.273) (1.548; 2.143; 1.266) (1.560 ; 2.118; 1.240)
8.2 (1.574; 2.135;1.293) (1.574; 2.135;1.292) (1.578; 2.127;1.284) (1.590; 2.102;1.259)
8.4 (1603 : 2.120;1.311)  (1.603; 2.119:1311) (1.607; 2.111:1.303)  (1.620; 2.086:1.277)
8.6 (1.631; 2.104;1.329) (1.632; 2.104;1.329) (1.636; 2.096; 1.321) (1.649 ; 2.071;1.295)

Table 4A: In the n(p) type degenerate He — FL, in which rggae)=Tne=0.140 nm (Van der Waals), m,)/m, =

3 and g, = 1.055, for given ry(,) and N, the numerical results of Fermi energy Egngp)(r=ok)(eV) [or reduced

Fermi energy &,;)(N",rqe), T) ], and viscosity coefficient W(N*,rd(a),T),expressed in (%xﬁ), are

obtained, as functions of T, by using Equations (17, 22), respectively. In particular, from these numerical results

of V(T), one observes that, for such given (rq(4) and N), they increase with decreasing T, in good agreement

with those, obtained in liquids by Ewell and Eyring."'” and complex fluids by Wenhao.

(81 and from those of

V(rq), one observes that, for given (T and N), they increase with increasing ry.

Donor Te Sb Sn
rq (nm) [4] 7 0.132 0.136 0.140
For N=8 x 10%5 cm3,

Ncpn(rg) in 1024 cm =3 ~ 2.3105888 2.3870757 2.4132469

Epn(r=o)(eV) N

225.67311413 225.67311412 225.67311411

6.2694150 x 108 6.3718832x 108 6.4064905 x 108

Vioky 7
En(T=42K)

V.25 7
En(T=77K)

V@z7x) 7
En(T=100K) N
V (1001 7
En(T=150K) N
V 1501 7
En(T=200K) N
V 2001 7
En(T=250K) N
V (250K 7

6.1132375 x 10°
6.2694150 x 108
3.3344932 x 10*
6.2694149 x 108
2.5675598 x 10*
6.2694149 x 108
1.7117065 x 10*
6.2694148 x 108
1.2837799 x 10*
6.2694147 x 108
1.0270239 x 10*
6.2694146 x 108

6.1092245 x 10°
6.3718832 x 108
3.3323043 x 10*
6.3718832 x 108
2.5658743 x 10*
6.3718831 x 108
1.7105829 x 10*
6.3718831 x 108
1.2829371 x 10*
6.3718830 x 108
1.0263497 x 10*
6.3718828 x 108

6.1078510 x 10°
6.4064905 x 108
3.3315551 x 10*
6.4064905 x 108
2.5652974 x 10*
6.4064904 x 108
1.7101983 x 10*
6.4064904 x 108
1.2826487 x 10*
6.4064903 x 108
1.0261190 x 10*
6.4064901 x 108
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&n(T=300K) N 8.5585327 x 103 8.5529144 x 103 8.5509916 x 103
V 300K) 7 6.2694145 x 108 6.3718827 x 108 6.4064900 x 108
Acceptor Mg In Cd

r, (hm) 7 0.141 0.144 0.148
For N=8 x 10%% cm 3,

Nepp(ra) in 1024 cm™3 2.4149152 2.4402756 2.5235461
Eppr=ory(€V) N 221.1084415 221.0602561 220.9020030

Viok) 2 6.4086889 x 108 6.4419948x 108 6.5499019 x 108
Ep(roa2K) ™ 6.1077635 x 10° 6.1064324 x 10° 6.1020609 x 105
V (42K 2 6.4086889 x 10° 6.44199480% 108 6.5499019 x 108
Epr=r7) N 3.3315074 x 10* 3.3307813 x 10* 3.3283969 x 10*
V (77x) 2 6.4086888 x 108 6.44199480x 108 6.5499019 x 108
€ (T=100K) N 2.5652607 x 10* 2.5647016 x 10* 2.5628656 x 10*
V (100K) 2 6.4086888 x 10° 6.44199480% 108 6.5499018 x 108
Ep(T=150K) v 1.7101738 x 10* 1.7098011 x 10* 1.7085771 x 10*
V (150 7 6.4086887 x 108 6.44199470x 108 6.5499018 x 108
€ (T=200K) N 1.2826303 x 10* 1.2823508 x 10* 1.2814328 x 10*
V 200K) 7 6.4086886 x 108 6.44199460x 108 6.5499017 x 108
Ep(T=250K) v 1.0261043 x 10* 1.0258807 x 10* 1.0251463 x 10*
V (250K) 7 6.4086885 x 108 6.44199450x 108 6.5499015 x 108
Ep(T=300K) \ 8.5508690 x 10° 8.5490055 x 103 8.5428855 x 103
V (300K 2 6.4086884 x 108 6.44199430x 108 6.5499014 x 108

Table 4B: In the n(p) type degenerate He — FL, in which rye(a0)=Tue=0.140 nm (Van der Waals), m,)/m, =

6.2 and g, = 1.055, for given ry(,) and N, the numerical results of Fermi energy Egngp)(r=ok)(eV) [or reduced

Fermi energy &,;)(N",rqe), T) 1, and viscosity coefficient W(N*,rd(a),T),expressed in (:T:Xi)’ are

cm?
obtained, as functions of T, by using Equations (17, 22), respectively. In particular, from these numerical results

of V(T), one observes that, for such given (rq(,) and N), they increase with decreasing T, in good agreement

with those, obtained in liquids by Ewell and Eyring!'” and complex fluids by Wenhao." and from those of

V(rq), one observes that, for given (T and N), they increase with increasing ry.

Donor Te Sb Sn

rq (nm) [4] 7 0.132 0.136 0.140
For N=8 x 10%5 cm3,

Ncpn(Tg) in 1025 cm™3 2 2.0395482 2.1070629 2.1301641

109.19666811
1.5444515 x 10°

109.19666812
1.5405177x 10°

109.19666813
1.5284989 x 10°

Epncr=oy(eV) Y
V(OK) Va
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En(Toazk) 2.4790145 x 10° 2.4602589 x 10° 2.4538250 x 10°
V (425 2 1.5284989 x 10° 1.5405177 x 10° 1.5444515 x 10°
Ear=77K) N 1.3521897 x 10* 1.3419594 x 10* 1.3384500 x 10*
V (77%) 2 1.5284989 x 10° 1.5405177 x 10° 1.5444514 x 10°
En(T=100K) 1.0411861 x 10* 1.0333088 x 10* 1.0306065 x 10*
V (100K) 2 1.5284989 x 10° 1.5405176 x 10° 1.5444514 x 10°
En(T=150K) 6.9412408 x 103 6.8887252 x 103 6.8707102 x 103
V (150K 2 1.5284988 x 10° 1.5405175 x 10° 1.5444513 x 10°
En(T=200K) 5.2059307 x 103 5.1665440 x 103 5.1530328 x 103
V 200K) 2 1.5284986 x 10° 1.5405174 x 10° 1.5444511 x 10°
En(T=250K) 41647447 x 103 41332353 x 103 41224263 x 103
V 2s0K) 7 1.5284984 x 10° 1.5405172 x 10° 1.5444509 x 10°
En(T=300K) 3.4706207 x 103 3.4443629 x 103 3.4353554 x 103
V ook) 7 1.5284982 x 10° 1.5405170 x 10° 1.5444507 x 10°
Acceptor Mg In Cd

r, (nm) 2 0.141 0.144 0.148

For N=8 x 10%5 cm 3,

Ncpp (ra) in 1025 cm™3 7 2.1316367 2.1540222 2.2275248
Epper=ox)(€V) N 88.8165823 88.5905716 87.8464292

Vioky 7
Ep(T=42K) N
V(4.2 7
Ep(r=778)
V) 7
Ep(T=100K)

V (1001) 7
€p(T=150K)

V (s0x) 7
Ep(T=200K)

V 2001 7
Ep(T=250K)

V 2501 7
Ep(T=300K)

V ook 7

1.5446992 x 10°
24534146 x 10°
1.5446992 x 10°
1.3382262 x 10*
1.5446991 x 10°
1.0304341 x 10*
1.5446991 x 10°
6.8695610 x 103
1.5446990 x 10°
5.1521709 x 103
1.5446989 x 10°
41217368 x 103
1.5446987 x 10°
34347808 x 103
1.5446984 x 10°

1.54842050x 10°
24471714 x 10°
1.54842050% 10°
1.3348208 x 10*
1.54842040% 10°
1.0278120 x 10*
1.54842040% 10°
6.8520801 x 103
1.54842030x 10°
5.1390602 x 103
1.54842010x 10°
41112483 x 103
1.54842000% 10°
34260403 x 103
1.54841970% 10°

1.5600625 x 10°
24266157 x 10°
1.5600625 x 10°
132360868 x 10*

11.5600625 x 10°
1.0191786 x 10*
1.5600625 x 10°
6.7945241 x 103
1.5600624 x 10°
5.0958932 x 103
1.5600622 x 10°
4.0767146 x 103
1.5600620 x 10°
3.3972623 x 103
1.5600618 x 10°
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Table SA: In the n(p) type degenerate He — FL, in which rgoao) = Fie =0.140 nm (Van der Waals),
m,/m, = 3 and g, = 1.055, for given ry, and N, the numerical results of &,,), V, AE, oy, S, VC1, VC2,
Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K), by using Equations (17, 22, 23, 20, 26, 28, 29, 30,
31, and 27), respectively. In particular, from the numerical results of V(T), one observes that, for such given

(rqcay and N), they increase with decreasing T, in good agreement with those, obtained in liquids by Ewell and

Eyring.""” and complex fluids by Wenhao.!" suggesting an equivalence between degeneracy-and-viscosity

concept, and from those of V(rq(a)), one observes that, for given (T and N), they increase with increasing rq(,).

Donor Te Sb Sn
rq (nm) [4] 7 0.132 0.136 0.140
For N=8 x 10%5 cm 3,
Nepn(ra) in 1024 cm=3 7 2.3105888 2.3870757 2.4132469
En(roszio X 1075 N 6.1132375 6.1092245 6.1078510
En(T=300K) X 1072 8.5585327 8.5529144 8.5509916
V 426 (% x #) x1078 ~  6.2694150 6.3718832 6.4064905
Voo (% X ﬁ) x1078 7 6.2694145 6.3718827 6.4064900
—AE 351 (V) x 10%° » 5.5763083 5.5835009 5.5857511
~AE 300K, (V) x 10° 2 2.0314062 2.0340758 2.0349907
Orh. a2k (Cm% yx10% N 7.4335711 7.3044300 7.2617060
Orh. (300K) (Cm% yx1 N 5.3096941 5.2174504 5.1869332
Sk (g ) x 10'° 7 92748412 9.2809337 9.2830206
=S 300K (% )x 10° 2 6.6248861 6.6292379 6.6307286
~VC1(10 (E )x 10 7 6.1832275 6.1872891 6.1886804
—VC1 o0k (g) x108 2 44165902 4.4194914 4.4204852
—VC2 40 (% yx10° 2 2.5969555 2.5986614 2.5992458
—VC2300% (%) x10°  ~ 13249771 13258474 13261456
v 10
TS () x 10 7 9.2748412 9.2809337 9.2830206
~Ts 300k (g) x108 7 6.6248853 6.6292371 6.6307278
—Ptgai(V) x 10° 7 3.8954333 3.8979922 3.8988687
—Pt 3006V ) x 10° 7 19874658 1.9889714 1.9892186
ZTuai X 10 3.5212425 3.5258702 3.5274560
ZT 300k x 10 7 17965521 1.7989131 17997222
Acceptor Mg In Cd
T, (nm) 7 0.141 0.144 0.148
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For N=8 x 10%° cm 3,

Ncpp(ra) in 1024 cm™3 7

Ep(T=az2k) X 1075\

€p(T=300K) X 1073

Vaam (5o x =) x 107

cm  cm?

eV S -
V(300K) (_m X m) x 1078

C

—AE 425 (€V) X 107
—AE 300k, (¢V) x 10°
_W_ ) x 10>

OTh. (4.2K) (cme

w
oth. 300K (g ) X 1

Stz (G ) x 101
=S 300K) (E )% 10°
~VC1 (421 (% ) x 10'°
—VC1 300K, (E) x 108
—VC2 421 (% ) x 10°
—VC2 300k, (E) x 10°
—TS(2x) (E )x 10*°
—Ts300K) (g) x 108
—Pt(421(V) x 10°
—Pt3001(V ) X 10°

ZTzi % 10

7
ZT(300K) x 10

7

N

N

7

NN

7

2.4149152 2.4402756
6.1077635 6.1064324
8.5508690 8.5490055
6.4086889 6.4419948
6.4086884 6.4419943
5.5861931 5.5884031
2.0350491 2.0359363
7.2590069 7.2183297
5.1850053 5.1559502
9.2831537 9.2851772
6.6308237 6.6322690
6.1887691 6.1901181
4.4205486 44215121
2.5992830 2.5998496
1.3261646 1.3264536
9.2831537 9.2851772
6.6308229 6.6322682
3.8989246 3.8997744
1.9892471 1.9896807
3.5275572 3.5290952
1.7997738 1.8005585

2.5235461
6.1020609
8.5428855

6.5499019

6.5499014

5.5964395
2.0388544

7.0892495

5.0637500

9.2918291

6.6370203

6.1945527

4.4246797

2.6017121

1.3274039

9.2918291

6.6370195

3.9025682
1.9911061
3.5341534
1.8031393
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Table S5B: In the n(p) type degenerate He — FL, in which Tye(ae) = Te =0.140 nm (Van der Waals),

m),/m, = 6.2 and g, = 1.055, for given rq and N, the numerical results of &,.,), V, AE, oy, S, VC1, VC2,

Ts, Pt and ZT are obtained, as functions of T=(4.2 K, 300 K), by using Equations (17, 22, 23, 20, 26, 28, 29, 30,

31, and 27), respectively. In particular, from the numerical results of V(T), one observes that, for such given

(rqcay and N), they increase with decreasing T, in good agreement with those, obtained in liquids by Ewell and

Eyring.""” and complex fluids by Wenhao.!"® suggesting an equivalence between degeneracy-and-viscosity

concept, and from those of V(rq(a)), one observes that, for given (T and N), they increase with increasing rq(,).

Donor Te Sb Sn
rq(nm) [4] 7 0.132 0.136 0.140
For N=8 x 10%5 cm 3,
Nepn(Tg) in 1025 cm=3 2.0395482 2.1070629 21301641
En(roazio X 1075 N 2.4790145 2.4602589 2.4538250
En(r=300k) X 1073 \ 3.4706207 3.4443629 34353554
V 4210 (% X ﬁ) x10™° ,»  1.5284989 1.5405177 1.5444515
Vi (S x=5) x 1070 7 1.5284982 1.5505170 1.5444507
~AE (4 (V) x 10 7 3.3898969 3.4418000 3.4598699
~AE 300K, (V) x 10° 7 1.2353247 1.2542313 1.2608171
Om. wa (oo ) X 107 N 2.1414890 20927521 20765183
Om. Gook) (o) N 1.5296357 1.4948237 1.4832281
~Stazto (g )x 10° 2 22871712 23046073 2.3106500
=S 300K (g )x 107 1.6336931 1.6461474 1.6504636
—VC1 1 (E )x 10° 7 1.5247808 1.5364049 1.5404333
—VC1 ook (g) x107 2 1.0891279 1.0974308 1.1003082
—VC2 40 (% yx10°  ~ 6.4040795 6.4529004 64698199
—VC2a00%, (%) x105 2 3.2673838 3.2922924 3.3009247
~TS a0 (g ) x 10° 7 22871712 23046073 23106500
~Ts 300k (g) x107 2 1.6336919 1.6461462 1.6504624
—Ptgai(V) x 10° 7 9.6061192 9.6793506 9.7047299
—Pt 3006V ) x 10° 7 4.9010794 4.9384423 4.9513909
ZTiaay x 10™° 7 2.1413139 2.1740866 2.1855025
ZT 300k x 10° 7 1.0925063 1.1092270 1.1150514
Acceptor Mg In Cd
I, (M) 7 0.141 0.144 0.148
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For N=8 x 1025 cm~3

Ncpp(ra) in 102° cm
Ep(T=a2i) X 1075\
€p(T=300K) X 1073

V(42K)( =

cm

Visoow (o X =) x 102

—AE 426 (€V) x 10
—AE 300k, (¢V) x 10°
2
OTh. (42K) (cme )x 10
w
OTh. (300K) (cme)
v 9
—Sw.2x) (E )x 10
v 7
=S 300K) (E )% 10
v
—VClai () % 107

—-VC1 (300K) ( ) X 107

—VC2 421 (— ) x 10°

—VC2(300K) ( ) X 105

—Tsu2x) (E ) x 10°

v
—TS(300K) ( ) X 107
—Pt(421(V) x 10°
—Pt3001(V ) X 10°
ZTiy % 10

6
ZT(300K) x 10

_3;‘

N

Cm)><109

N

NN N

N

2.1316367
2.4534146
3.4347808

1.5446992

1.5446984

3.4610272
1.2612390

2.0754908

1.4824942

2.3110365

1.6507397

1.5406910

1.1004923

6.4709022

3.3014769

2.3110365

1.6507385

9.7063534
4.9522192
2.1862337
1.1154245

2.1540222
2.4471714
3.4260403

1.5484205

1.5484197

3.4787153
1.2676825

2.0599786

1.4714140

2.3169324

1.6549511

1.5446216

1.1032999

6.4874107

3.3098996

2.3169324

1.6549498

9.7311161
4.9648532
2.1974029
1.1211231

2.2275248
2.4266157
3.3972623

1.5600625

1.5600618

3.5378995
1.2892504

2.0104017

1.4360019

2.3365590

1.6689701

1.5577060

1.1126458

6.5423652

3.3379375

2.3365590

1.6689688

9.8135478
5.0069102
2.2347888
1.1401975
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Table 6A: In the n(p) type degenerate He — FL, in which rgoae)=Tne=0.140 nm (Van der Waals), m(,)/m, =

3 and g, = 1. 055, for given rq(,) and T=0K, the numerical results of Fermi energy Eg,sp)(eV), V(108 x % X

10"2xcm

2 2
Cm%), c(nlx":m), u( Vs ), and D (%), are obtained, as functions of N, by using Equations (17, 22, 19, 21,

25), respectively. It should be noted here that (i) they are cancelled at the MIT-conditions, (T=0K,
N=N¢pn(cpp) Or N* = 0), and (ii) those values of Egygp) = 0,V = 0,02 0,u= 0,and D = 0, obtained for
N 2 Ncpn(cpp) » thus define the properties of this degenerate (or viscous) He-FL, given in the Mott MIT. In
particular, from these numerical results of V, one observes that, for such given (rg(,) and T=0K), they increase
with increasing N (or increasing Epnp) ), in good agreement with those, obtained in complex fluids by

Wenhao."® suggesting an equivalence between degeneracy-and-viscosity concept.

N = Nepn = Nepn 8.2 8.4 8.6

Here, N is expressed in 1025 ¢cm3

For ry = ra, and N¢p,=1.7081025 x 10%* cm™3,

Epp 2 =0 22622 229.96 233.67
v o2 =0 5.4464 5.5106 5.5739
c 7 =0 8.7142 8.8999 9.0851
TR =0 6.7739 6.7501 6.7271

2 =0 10.214 10.346 10.477

Ern 7 =0 225.09 228.84 232.56
v 2 = 6.3474 6.4243 6.5001
c 7 = 7.4025 7.5597 7.7164
VRN =0 5.7978 5.7759 5.7548

7 =0 8.6981 8.8097 8.9202

Epn 7 =0 224.94 228.70 23242
v 2 =0 6.4514 6.5298 6.6071
c 7 =0 7.2739 7.4283 7.5822
VRN =0 5.7025 5.6809 5.6599

7 =0 8.5497 8.6593 8.7677

For ry = rg, = Iy and Nep,=2. 4132469 x 10%* cm ™3,

Efn 7 224.89 228.65 232.37

IR
=]
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VA =0 6.4865 6.5654 6.6432
o 2 =0 72313 7.3848 7.5378
TRERN =0 5.6710 5.6494 5.6285

y =0 8.5006 8.6095 8.7173
N 2 Nepp = Ncpp 8.2 8.4 8.6

Here, N is expressed in 10%% cm ™3

For r, = Iy, and Ncp,=2. 4132469 x 10%* cm ™3,

Egp 7 =0
v 2 =0
c 7 =0
VRN =0

7 =0

224.89 228.65 232.37
6.4865 6.5654 6.6432
7.2313 7.3848 7.5378
5.6710 5.6494 5.6285
8.5006 8.6095 8.7173

For r, = ryg and N¢p,=2.4149152 x 10** cm 3,

Eep /7 =0
v 2 =0
c 7/ =
TR =
2 =0

224.89 228.64 232.36
6.4888 6.5677 6.6455
7.2286 7.3820 7.5350
5.6690 5.6474 5.6265
8.4975 8.6064 8.7141

For 1, = 1y, and N¢p,=2. 4402756 x 10%* cm™3,

Epp 7 =0
v 2 =
c 7 =
TR =
D ~ =0

224.84 228.60 232.32
6.5226 6.6020 6.6803
7.1881 7.3406 7.4927
5.6390 5.6175 5.5967
8.4508 8.5590 8.6061

For 1, = r¢q and N¢p,=2. 5235461 x 10%* cm 3,

EFp Va =( 224.69 228.44 232.16
v » =0 6.6321 6.7131 6.7930
o /7 =0 7.0595 7.2093 7.3586
VRN =0 5.5440 5.5226 5.5020
D , =0 8.3025 8.4087 8.5438
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Table 6B: In the n(p) type degenerate He — FL, in which rge(a0)=rse=0.140 nm (Van der Waals), m,)/m, =

6.2 and g, = 1.055, for given ry(,y and T=0K, the numerical results of Fermi energy Epy,py(eV), V(10® x

Xcm

% X ﬁ), o(nlx‘):m), u( 10_‘;5 2), and D (%), are obtained, as functions of N, by using Equations (17, 22, 19,
21, 25), respectively. It should be noted here that (i) they are cancelled at the MIT-conditions, (T=0K,
N=N¢pncpp) Or N* = 0), and (ii) those values of Egygp) = 0,V =2 0,02 0,p = 0,and D = 0, obtained for
N =2 Ncpn(epp) » thus define the properties of this degenerate (or viscous) He-FL, given in the Mott MIT. In
particular, from these numerical results of V, one observes that, for such given (rq(,) and T=0K), they increase
with increasing N (or increasing Epnp) ), in good agreement with those, obtained in complex fluids by

Wenhao."® suggesting an equivalence between degeneracy-and-viscosity concept.

N = Nepn = Ncpn 8.2 8.4 8.6

Here, N is expressed in 10%% cm ™3

For ry = ras and N¢p,=1.5077357 x 102% cm~3,

Ern 7 =0 96.946 98.868 100.77
v 2 =0 1.4264 1.4498 1.4729
c 7 =0 2.6098 2.6706 2.7310
VRN =0 2.4340 24184 2.4034

7 =0 1.5728 1.5936 1.6142

Efn » =0 91.740 93.715 95.669
v o = 1.5571 1.5853 1.6130
c 7 = 2.1409 2.1944 2.2475
TN =0 2.1691 2.1534 2.1383

2 =0 1.3263 1.3450 1.3634

Efn 7 =0 91.068 93.050 95.012
v 2 =0 1.5697 1.5985 1.6268
c 7 =0 2.0928 2.1455 2.1980
VRN =0 2.1438 2.1280 2.1128

7 =0 1.3012 1.3198 1.3380

For ry = rg, = Iye and Nep,=2.1301641 x 1025 cm ™3,

90.838 92.822 94.786

IR
=

Ern 7
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VA =0 1.5739 1.6028 1.6313
o 2 =0 2.0767 2.1293 2.1815
LN =0 2.1354 2.1196 2.1044

y =0 1.2929 13114 13295
N 2 Nepp = Ncpp 8.2 8.4 8.6

Here, N is expressed in 10%% cm ™3

For r, = ry, and N¢p,=2.1301641 x 10*° cm ™3,

Egp 7 =0
v 2 =0
c 7 =0
LN =0

7 =0

90.838 92.822 94.786
15.739 16.028 16.313
20.767 21.293 21.815
2.1354 2.1196 2.1045
1.2929 1.3114 1.3295

For r, = ryg and N¢p,=2.1316367 x 10*° cm 3,

Egp 7 =0
v 2 =0
c 7 =

LN =0
D ~ =0

90.823 92.808 94.772
15.741 16.031 16.316
20.757 21.282 21.804
2.1349 2.1191 2.1039
1.2924 1.3108 1.3290

For r, = 1y, and N¢p,=2.1540222 x 10%° cm™3,

Epp 7 =0
v 2 =
c 7 =
LN =0
D ~ =0

90.600 92.587 94.553
15.780 16.072 16.359
20.604 21.127 21.647
2.1270 2.1112 2.0960
1.2844 1.3028 1.3209

Epp Vs =0 89.864 91.859 93.833
v o2 ) 15.903 16.201 16.495
o 2 ~0 20.114 20630 21.143
VRN =0 2.1020 2.0861 2.0709
Va =( 1.2590 1.2772 1.2951
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Table 7: In the n(p) type degenerate He — FL, for given physical conditions: ry,), N (or T), the same values
of & (py decrease, according to the increasing T (or to the decreasing N), and other thermoelectric coefficients
are in variations, as indicated by the arrows as: (increase: /7, decrease: ). One notes here that (i) for &, =
1.8138, while the numerical results of S present a same minimum S,y (= —1.563 x 1074 E), those of ZT
show a same maximum ZTy,.y = 1, (ii) for &,y = 1, those of S, ZT, ZTye, VC1, and Ts present the same
results: —1.322 X 1073, 0715, 3290, 1.105 X 1072, and 1.657 X 107, respectively, and (i) for
Lap = 1.8138, (ZT)pmore = 1.

Eap) 1.880 [1.880] 1.8138 [1.8138] 1.750 [1.750] 1[1] 0.998 [0.998]
S(10—4§) —1562[-1.562] v —1.563[-1.563] » —1.562[—1.562] 7 —1.322[-1.322] 7 —1.320[—1.320]
ZT 0.9990.999] 1[1] N 09990999 N 0.715[0.715] N 0.713[0.713]
Dyt 7 0.931[0.931] 1[1] 1.074 [1.074] 3.290 [3.290] 3.306 [3.306]
vC1 (10—43 —0.061[—0.061] 7 01[0] 7 0.063[0.063] 7 1105[1.105] /  1.109[1.109]
Ts(10—4§) —0.092 [<0.092] 7 0[0] 7 0.094[0.094] / 1.657[1.657] /7  1.663[1.663]
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