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ABSTRACT 

In this paper, we practicea replacement Modified Variation Iteration 

technique and Laplace – Elzaki Transform to resolve Hirota, 

Schrödingerand, sophisticated mKdV Equations. This method may be 

a mixture of the new modified variation iteration technique and 

Laplace – Elzaki transform. 
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INTRODUCTION 

Nonlinear equations are of great importance to our times, nonlinear phenomena have 

essential applications in applied math, physics, and issues associated with engineering. 

 

Integrals transform and their individuality and theories are even so new and below 

study.
[1,3]

 during which the preceding research treated some components of 

them alongside definitions, simple theories, and therefore the answer of normal and partial 

differential equations,
[4-15]

 additionally some researchers addressed these transforms with 

combine them with exclusive mathematical method like a differential transform approach, 

homotopy, perturbation technique, Adomian decomposition method and variational 

iteration method,
[7-15]

 in order that we will solve the linear and nonlinear fractional 

differential equations. 
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On this paper, we are capable of attention the way at some point of which the Laplace - 

Elzaki transform is mix collectively with Modified Variation Iteration techniqueto solve the 

Hirota, Schrödingerand, sophisticated mKdV equations. 

 

1. Basic concepts 

1.1.1. Definition of the Laplace – Elzaki transform(LET) 

The Laplace – Elzaki transform of function  of two variable  and  defined in the first 

quadrant of the  plane is defined by the double integral in the form: 

(1) 

Evidently, LET is linear integral transform as shown below: 

 

(2) 

Where  and  are constants. 

The inverse Laplace – Elzaki transform is defined by the complex integral formula: 

(3) 

 

1.1.2. Laplace – Elzaki transform of the basic functions: 

Let    then: 

 

(4) 

Similarly,  

                                                        (5) 

As we know 

                                                          (6) 

                                                          (7) 
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From the linearity property of (LET) and the equations (4), (5), (6) and (7) we get: 

                                                  (8) 

                                                  (9) 

Similarly,  

(10) 

                                                          (11) 

So,  

                                                  (12) 

                                                  (13) 

 

1.1.3. Derivative property 

If  

 

 

 

 

 

 

1.1.4. Modified Variational Iteration Method 

To illustration the method we consider the differential equation, 

(41) 

Where, and are linear and nonlinear operators respectively, and is the source 

inhomogeneous term. 

The variational iteration method presents a correction functional for Eq. (11), in the form: 

(15) 
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Where, is a general Lagrange multiplier, which can be identified optimally via the 

variational theory, and  is a restricted variation which means  

Eq. (15) is called a correction functional, the successive approximation of the solution 

will be readily obtained by using the determined Lagrange multiplier and any selective 

function , consequently, the solution is given by,  

 

. 

 

2. Outline of The Method 

Themethod under studydescribe as in the following manner. Let us consider the nonlinear 

non-homogeneous partial differential equation in operatorform: 

 

(16) 

Withthe initial conditions  and   Here  is a second order 

partial differential operator with respect to ,  is a remaining linear operator, represents a 

general nonlinear differential operator, and  is a source term. 

 

At the beginning of this method, the Laplace –Elzaki transform is applied to both sides of the 

Eq. (16). Then we have: 

(17) 

 

Using the linearity and the differentiation properties of the Laplace – Elzaki Laplace 

transform yields 

 

(18) 

Where, ,  and  represents the Laplace – Elzaki transforms of , , 

and , respectively. 

After this step, we use the following inverseLaplace – Elzaki transforms 

(19) 

 

Now, we apply the Modified Variation Iteration method: 
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(20) 

 

Then, we get the first terms as below: 

 

Substitute in Eq. (20), and we get: 

(21) 

And so on. 

Then the general form of the Eq. (16) is: 

. 

 

3. Application of The Method 

In this section, we solve Hirota, Schrodinger and Complex mKdV Equations. 

Example (1) 

Hirota Equation 

We consider the non-homogeneous Hirota equation given by: 

(22) 

 

With the initial conditions:  and .  

The equation (22) can be written as: 

(23) 

 

We first apply the Laplace - Elzaki transform to both sides of the equation (23). By the 

properties of the Laplace – Elzaki transform we have: 

 

 

(24) 
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Taking the inverse Laplace – Elzaki transform of the equation (24) to find: 

  

Now, apply the Modified Variation Iteration method: 

 

take,  then we have: 

(25) 

 

 

This is the exact solution.  

 

Example (2) 

Solving Schrodinger Equation  

We consider the following non-homogeneous Schrodinger equation, 

,                                          (26) 

With the initial conditions  and .  

We can rewrite the equation (26) as follows: 

 

We first apply the Laplace - Elzaki transform to both sides of the equation (26). By the 

properties of the Laplace – Elzaki transform we have: 

 

 (27) 

Then taking the inverse Laplace – Elzaki transform of the equation (27) yields 

(28) 

 

Now, apply the Modified Variation Iteration method 
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Put,  then: 

(29) 

 

 

This is the exact solution. 

 

Example (3) 

Solving Complex mKdV Equation 

We consider the non-homogeneous complex mKdV equation as, 

(30) 

 

With the initial condition . 

In other way, the equation (30) is given by 

(31) 

 

We first apply the Laplace - Elzaki transform to both sides of the equation (31). By the 

properties of the Laplace – Elzaki transform we have 

 

 

(32) 

Then taking the inverse Laplace – Elzaki transform of the equation (32) yields 

(33)  

Now, apply the Modified Variation Iteration method: 

 

If we put,  then: 

(34) 

 

 

This is the exact solution. 
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CONCLUSION  

In this paper, we applied modified variational iteration method, and Laplace – Elzaki 

transform for resolve Hirota, Schrödingerand, Complex mKdV equations and non-

homogenous nonlinear partial differential equations. This combination of two strategies 

efficiently labored to provide exact solutionsof the nonlinear equations.We additionally see 

that this technique is simplified and straightforward to suit with different techniques. 

 

REFERENCES 

1. Tarig. M. Elzaki, Double Laplace Variational Iteration Method for Solution of Nonlinear 

Convolution Partial Differential Equations, Archives Des Sciences (ISI Journal), ISSN 

1661-464X, 2012; 65(12): 588-593.  

2. Tarig. M. Elzaki, A. A. Alderremy, On the new double integral transform for solving 

singular system of hyperbolic equations, Available online at www.isr-

publications.com/jnsa J. Nonlinear Sci. Appl., 2018; 11: 1207–1214.  

3. Tarig. M. Elzaki, Eman M. A. Hilal, Solution of Telegraph Equation by Modified of 

Double Sumudu Transform "Elzaki Transform”, Mathematical Theory and Modeling, 

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online), 2012; 2(4): 95-103.  

4. G. K. Weatugala, Sumudu transforms - a new integral transform to solve differential 

equations and control engineering problems, Mathematic Engineering, 1993; 61:  319-

329.  

5. F. B. M. Belgacem, A. A. Karaballi, Sumudu Transform Fundamental Properties 

Investigations and Applications, Journal of Applied Mathematics and Stochastic 

Analysis;(2006), pp. 1-23.  

6. F.B.M. Belgacem, A.A. Karaballi and S.L Kalla, Analytical investigations of the Sumudu 

transform and applications to integral production equations, Mathematical problems in 

Engineering, 2002; 3: 103-118.  

7. S. Ahmed and T. Elzaki, On the comparative study integro—differential equations using 

difference numerical methods, Journal of King Saud University—Science, 2020; 32(1): 

84–89.  

8. S. Ahmed and M. Elbadri, M. Z. Mohamed, A New Efficient Method for Solving Two-

Dimensional Nonlinear System of Burger’s Differential Equation, Journal Abstract and 

Applied Analysis, 2020; 1–7.  

9. S. A. Ahmed, A comparison between modified Sumudu decomposition method and 

homotopy perturbation method, Applied Mathematics, 2018; 9(3): 199–206.  



Alla et al.                                        World Journal of Engineering Research and Technology 

 

 
 

www.wjert.org                         ISO 9001 : 2015 Certified Journal       

 

136 

10. S. Ahmed and T. Elzaki, A comparative study of Sumudu decomposition method and 

Sumudu projected differential transform method, World Applied Sciences Journal, 2014; 

31(10): 1704–1709.  

11. S. Ahmed and T. Elzaki, Solution of heat and wave—like equations by adomian 

decomposition Sumudu transform method, British Journal of Mathematics & Computer 

Science, 2015; 8(2): 101–111.  

12. S. Ahmed and T. Elzaki, the solution of nonlinear Volterra integro-differential equations 

of second kind by combine Sumudu transforms and Adomian decomposition method, 

International Journal of Advanced and Innovative Research, 2013; 2(12): 90–93.  

13. S. Ahmed, Application of Sumudu Decomposition Method for Solving Burger’s 

Equation, Advances in Theoretical and Applied Mathematics, 2014; 9: 23-26.  

14. S.E.A.A. Mohammed, Solution of Linear and Nonlinear Partial Differential Equations by 

Mixing Adomian Decomposition Method and Sumudu Transform. Ph.D. Thesis, Sudan 

University of Science and Technology, Kashmu. Sudan, 2016.  

15. E. Hamza, Tarig. M. Elzaki, Application of Homotopy Perturbation and Sumudu 

Transform Method for Solving Burgers Equations, American Journal of Theoretical and 

Applied Statistics, 2015; 4(6): 480-483. doi: 10.11648/j.ajtas.20150406.18. 


